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In Ref. [ 1 J P, C. Waterman describes the numericel ~>olu.tion o:E' 

a ce:rtain class of electromagn.:otic scattering problems, Esing the 

'.t rrm.t:::·ix formalism developed. b~r him in Ref. [ 2] . Later new theo··· 

retical results have been obtained. wrdch makes it. pos~:ible to con-

sid<::r mo:ce general bodies anO. confj gtn·e.tions of such bodies, Refs. 

[ 3] a.rjd [4]. The purpose of the present work J.:.:. to docrun.ent a sys-

tem of computer prograins for the ca.lcu.le.tion of ·scattering i'rom 

rotational syrrmiet:cic conf'igurat:i.om: of "bod:i es. In section I the 

rele1r2.nt results from the T. rr"atrix form(:,.::!_ism are given. In section 

IIa we describe the various I.faiX}i·outi1;es in the computer prog:r.mns . 
I 

In section IIb. we d.eseribc the v~·ious subroutines and fu.nc"'.';ions 

called ·by the=: Mair;i:'outines. Ir. Ap:perdix "- we give some lengthy 

forr.m18.s. In Append.ix II we give a · eornp1ete J..:i s-L. of tbe rcnt:i..r1es 

in Fox·t::.·1.w . 

M~kc.. , k 
C.ht.. l"'v .-s 
k Jlc. l..\vS 
'1l2.. 'i 8 G.-~h" ,~f 

~ ...V.-'.~«\. 
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Consider the problem of scattering of an electromagnet:ic 1-1ave 

by a system of obstacles. 'Ihe pi·oblem is desc:r·ibf·c1 by e. me.Y.r1x 

'I' in the following way-. 

where 

Incoming we..ve 

scattered wave 

with 

T , 
mm 

i s tbe •r matrix. 
-iwt, 

A time dependence e JS 

suppressed. The expression (1.2) for the scattered field is 

( 1. 1) 

( 1.2) 

( L3) 

valid outside the smallest sphere circurr1sc1·ibi:::ig the 1:;ody or bodies 

a.rid with centre at origin. The totaJ.. field. /£ is the sum of the 

incoming and scatte~i:"ed field.s . 

. 
IE =/ft+ IE s 

~· 

As basis run.ctions we use the sphe:d ca1 wave solutior~s y 

to 

where &== 1, 2. ("even 11 or '1 odd." ) , n = 1 , 2, 3 ... , 

l!i = 0 , 1 , 2 , . . . n , and 

E ... r. (2.n+1)(n-~·n)! 

J..s a spherical Hankelfunct,ion and. 

( i . 4) 

( 1. 5) 

( -i.6) 

( 1. 7) 

( 1. 8) 
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where Pm is 2J1 associated Legendre function. 
n 

_,. 
Re llJ sta.ncls for 

,. lll 

.... . ( 1) 
the regular part of tp

111
i.e., the expresE!ion (1.6) wit1:1 hn' (l<r) 

replaced by j Orr), a spherical Bessel function. The explicit 
n 

-,;.. 
expression for UJ is ·given in Ap:pemli:x: I. Because of the rot&.-

. I ~n 

tional sy:rmnetry of the configurations we shall treat several simpli-

fications . We choose the z-axis as axis of rotationo.l syrmnetry 

and this implies that all matric1.::s i1:volved in the formalis:::n a.re 

, 
diagonal in the inc.ices m~m . We define the polarizati0i; to ·oe 

orthogonal or paralleJ. according tc 'Jhetber tbe ·electric vect,or 

is pa:calJ el or .orthogor .. al to the plane snarmed by t11e z-axic. w.1d 

the wave vec~tor. More specifically for the incoming ws.ve we choosr:;: 

the \>lave vector to be in t.fie x-z plane.. In this ca.se .-we !1a.\re T11a;,re 

i:·ector 

( L 10) 

and. the orthogonal respectively parallel p\>larization u11:i.t vectors 

A 

e J. 

and 

( 1 1 ' \ 
" ' I ) 

ell::: (COS er 01 - bL·n9) (L12) 

During the scattering these two po:La.r~zations do not m:i.x. 'rhis 

is reflected in the fact that .all matrices involved (in cusc of 

rotational syinmetry) fulfill the relations: 

r\1ie{11rt,1 e wni' 

M 2.ert111, 2.e.~an' 

= fv1 l 

l (7fiH1 I I 0 Yl'i 11 

= f'v120111f'l
1

'2.r:irnn" 

g:i. ving ze:rc•. 
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'.rhe orthogonal pola.rization is e:x:press <: d. by the four com-ninations 

of the i e and 2. 0 
. • . "}-• M'" r). I • I 
1.!1 the J.DCllCeS ;.-. IS l & a · and the parallell 

polarization by the four combinations of 1 0 . '1 (;) 
and <::. '- It· is 

also clear that the two polarizati.of.:.s can be treated se:oarately 

and f"ro!'l1 the T matrix fer one polari't. a tion we can easily ti;ansf:-r:m 

to the T matrix for ·che other pola.riz_ation. We treat the ortho-

gorial pola:r·ization as the normal case and make tbe follow:i.i1g defi--

ni tions for the matrix M: 

= IV\ 1U11) , nn 
!\A 1 
P' I re Wt r., 20i1HYl = rvi 2 (m) ·, 

11 » 
3 ::::.'. M f :.,,..) I 

\. fH ji} f'i 

AftE:r rearranging the us.tric0s we get the 'r :mat.rices 

and 

·rL. \ 
·- I I 
..,_I '1 l 

1· 

for the orthogona.l and parallell pclexizati.ons resped.ively . In 

or·der to reduce the number of matrix indices 1-re make the f\;llcw-

ing transformation. 

We eO';~ turn to the case of infinitely cond·u.ct ing l:">odieo. The 

T matrix · is expressed ·by Q. nmtriee,:; e.s 

(1.15) 

( 1 
, '. ', 

• ; t) j 
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where 

Q 
, =-~ 1-- ~ f" ,~ -'5> - -~-- ,, 

(0 t •,;;' -',..j;,.,-$ ~.1,-i1 ;1 ... [A)>"lr?;:• .. 'eir.1 (1 ...... ::)'1'; 1..t ..... f\el -~··. v.._,. \ f \h.r • V·-1\ , 1 .. ,11 , ht 
\ ( f1•,oi,1AI \, Jl'\ ! ,.J 

t:!fHC s "' l 

( L H) 

S is the surfr:~ce of the body and the first argument in Q tells 

whether· the function ;:i,ssoc:iated witl'l the 1ef't index is in·egular 

~ -> 
or regular ( \J.1 or Re 'f , ) and simil<:'.rly for the second argu-

t :n ~ n ~-

ment; and. the right :i.nd.ex. Explicit. ca.lcltJ_a.tiorw show that 

(1.18) 

an cl 

(1. 19) 

• • ' • ~ r 1 1 "2 d • T The expL1.cJ.-c. ex-presL;J.('.lli:> ror ,:t_ anc iq, are given in .i\ppen J.x .L-. 

In general Q(F.e;,Re) is symmetric. Fu.rthe:r,if the z-y rlrille Js 

a plane of synffnetry we h8.Ve Q 1 " = 0 when n+n'. · ~"' odd and 0
2 

nn .J.u - . ,. -· - 'nnr 
,.,_ 

- v 

when n+n' .;..s even. 'I'ht=. spheroid. Bhs.:ped. bodie s have S,'{LJ1et.r-ic 

Q(Out,?.e) and rnir:ror symmet.:::y if tb.e spheroid r::.xcs int'2rsect at ~: h e 

ori g:i.n . '~he recipro::ity an.d the fac:i~ tbat inf'initel:y- cm1d.u.cting 

bodies a.re lossless is refleC'.ted in the following two relations. 

for the T matrix. 

T=Tt 

Ttr= ·-Re T 
(t rn tram-p6sj tion) 

(t is Jfonr..ite conjugation) 

These relations can be used as subsidiary conditions by which a 

( 1 • 20) 

(1.21) 

direct inversion ol' Q( Out ,Re) can be avoided.. The proceclure which 

is called orthogonalization :is described in Ref. [1] and. 
. ' 
lS "'(.re1 ... ;;,.. 

important because the p:r·ocedlire with d:i.rect inversion ::if Q( Out ,He) 

has to be per .f'crm2d with double .di;:nension c;.1rttf•a.red to the other 

one in order tc obtain the sa.rile numerical accu·cacy. In the m11J1er-

ical .t:c·11ncati::ms of Q. -:.ve need a dimension N~ 2. ka · ) whe:r-e a J_s 

the :radius of the sma:U.P.st sphere ci:rcurnscri bing the body, i:o. 
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l 
I 
'-' 

the orthogonalization p:rocedui·e . '1:112 :!:10:mogencous dielec:t:,:.·i 1.:: 

bodies can be treated in the sarue 1-m;y as the i1~fi!1i tely conduc-

ting bodies, altl10ugh one ·then has a ;nci:ce complicated Q mu;l,:ri :.c. 

We now have the wave vectm·s t
1 

and k
2 

Occtsic±e respectively 

insid.e the surf'ace g, of the body. 7.he relative permeabiJ.:i. ty 
I 

l·s Jv 0·1t~J·.:i~ ana" ;;
2 

i'r•~.-1.de ·t-.h,_, ,,u•_._~f'ace. I' 1 1.. ·~ .ll<-_ .,, - - ,. - ~ 
I I 

The rrwtrix Q ls 

given ty: 

. ?1 ·r .,._ __ 
1.12 

(thus k .
1 

·· k
2

) , wllere i:.):1~ t : s ?.re 

the relative a.ie.1-ectr::ic constants~ a.nd 

we get 'the Q matrix for the infini t-c;Jy 

. p ,,1·+.-J·_~v·1·. on t'rlF-' m.a.+.y .. ;_,-.f>S Q.1 
Jn ·~·1- e· f'o]lC)""1'r - ·r·~'r ~ v - • --~~- • v J. · .. w·_ If:;· 'loco,• 

"' f'1 r' -- -Ann' ·r -·- D,.,a' Qhflr 1-'2. 

2. !<1 l'r }(2 ' 
Q 1111' k er? I -t• /if . b l 

, z. .n . I j! k',. nn 
I 

3 -· B n ~1 .. .. -tic , Q~n~ - flt .... fir: 

'f 1< ~ Dttn' tils.J. Ann 1 Q.trn / - ---
ki F'ik1 

( L22) 

( 1.23) 

The explicit expressions for A~ B, C &nd D are given :i.n Append.ix I. 

When k ~ k and J -1 ·2 / 1 - r 2 the Q matric:~s have to fu.J.fill the 

:following relations: 

Q (l~e, o,j_ t) =- -Q { O·~ t., ~ej = H t. 

( 1.24) 

{ - ,.., ,- \ 
\ I • C.)) 
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For real k. the matrices Q(Ec, Re)., Q(out,Re) and Q(Re, out) 
l 

have the same :r.:-:nJ. part while Q (out, out) and. Q (out > Re) + 

+ Q( Re, out) bave the same imo.c;ina:~y part. 'I'hc: ortLogonaJ.i.zs.·-

tio11 procedure is also well suited for· lossless (i.e. real k~) 
..l. 

homot;eneous dielectric bodies. By a multila;rered scatterer we 

mean a body cons is t.ing of' several layers~ eacb of vh::i c:h lm.s 

constant electric and magnetic properties ·and which conse-

cutively enclose each othe:;.·. Consider a bod:y with N f,urfaces, 

as depicted in Pig. · ·1, separating la;ye:i.·s with co:nstunt proper-

ties. If the surface S. outside t!:le su:r:f'ace S. , can be se1)c.,-
1 1-1 

rated by a sphericaJ. shell, with centre at origin, we ca.ri a-i:.ip:l:y 

the following itc:..-ation formula for the different 1' rnntr:i.ces 

T( i) for the la~re.red obj2ct w:hose outer surface is 

T matd_}~ T( i) is defined as a :r·ela:i.·.ion between the coc::ff'icient;::, 

of the regula.r and. :i.rr2gul.s:r functioris.) 

l 
where Q J.s the Q matTix of the rrnrface S .. 

l 
Thus starting wi tb 

the T matrix '.r(n) for the homogeneous innern:ost body (whicti 

also can be infinitely conducti.ng) inside the su.:r::.:~acE. SN s.nd 

the ·Q matrices of the surface SN __ 
1 

applying the _fo:cmula ( 1 .26) 

( 1. ?6) 

N-1 times •;re f'frt.s.lly obtain the T matrix 'I( 1) of the ·,.;hole m.<J.ti-

layered body. The orthogonalization procedure can be used to 

obtain ';;he T mat:cices T( i) &.s long as th-:: layers 5.i1side S. 
0 

are 
i-(.. 

lossless. Cousic~.er 8. coni'i gurat:i.o:n of ti.-ro bodies as depiC'.t.eJ. 

in Fig. 2. The ·bodies ha.vE: their 'I matrices T. associated. 
l 

to the local coordinate systems with centre at 0. '"ithin the 
:i. 

'I'b.e l"!Oordin:ate •.;entre o..t 0, 
l 

t:rB.-1.1t3-
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:.· h.c 

lations a distn.nce a>.· of the 
i 

cen-t.e:c at 0. 

~ fJ 
Tf' thP. ·cadius -.r~,,+,cv· r. frorr 0. to the s·urface S: f'ulfilJ. the . - --~. . '-··-'- - -l . .. .. i i 

•Al +; y, 'I/ < \0 •-.! . ·- ~ t r ,. a,,_o., r . . a. a .. , 
l I ,J J .. 

·~ 1 , 2 :::: l 4: j "'- 1 , 2 we get tl~c fcll.ai;-ring 

formula f or the total T ma.-c,rn~ of .tlJ.e conf i gure.tion. 

( 1. 27) 

where . R and \r are the tra.nslati,·m matrices for the basis 

functions as defj_ned by: 

-"'* ~ -,, ,~ R ~ f"' ~ . > Re. fr' r r + c ) = £... . (c. ) ~e. u j ( r 1' !"" ' • in1'", "V ,~- , 
11 JI/ r. I rt 

alL ( 1.28) 

-;i. ( .. .,. -- I er· .< -);· R -~ , ·J>1 fl, . .~. - ·. p J i 1~ 

lflin ; -~·L) ~~ m' lff!Ji' C . \ ..... Lf-m' "' - ( 1 . 2)) 

we also have 

for r>c ( 1 -~n ) 
• -· .J ! 

'rhe matrices R and IJ" are given, for tra~~slat:ions a.lu,1g the 

z-axis, in t:he Appendix I. ~L'he preceeding reslilts e:an ·D:= crnn·-

bined to the case of an arbitrary number of bodies. 

then 

This is just the formula for the transformation of T
1 

vhich 

is refer:r-ed to origin o1 , to tte corresponding matrix 'I', 1-rhieh is 

refer red to origin 0. 
mro.: 

If r 
1 

is the ractius of the smallest 

sphere , with ccnt:re at or:i.gi:c. 01 , circ:kmscri bing the body • 1 

(body .2 i '' removed c. f. Fig. 3), we have an expansion about 0
1 

. ( , 2 ) 1 . ., :f' ..., mr,x a.sin 1. -, va~c.fJ. :or r .
1

,,. r
1 

- (1) . . t Here f
1

_ a.re give.n in ·erms 
. .ri 

( 1) 
of a , both referred too. by T1_. 

·1.::1 ! 
TJ:-.e T matrix T gives another 
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expansion , ~-ri th coc:fficients f!" . " and ~m about 0 valid 

e:entr e a. l 0. c:! l'Clll11SC:ribing -Lile body 1 ' It is cleex tha·t by SU.eh 

transfo:r-mations we can obtain the fi<:ld at any point outs.i.de the 

convex ps.rt of the siirfaee s
1

, In order to obtain the field. at 

point[~ just ou:t3ice the coricav8 part of the body w2 have to mo.ke 

an exp<~nsio:n 1.11 terms cf regular functions a·boat an origin 0 

now is the ra5.i1,s of' the greatest. splwrc; with centre at O~ a .. "'.ld 

not i.ntersecting the: int~:rior of the bod]. 1-J:owe"Jer now i'~~~g J_s 

gJ.ven 
It ... 

; 

as in the other case.) 

In the. numerical trea.tment of ( 1.27) it :i.s iwportrint to not~ce 

_ n1ax 
that it :is not only the radius r. of the two smallest spheres, 

J_ 

( 1.3.'1) 

circumsc1·ibing the resT.• .• :Codies and with centre ~t 0. . which d.<.':t.>::T:"f1irle 
·~ );-' J_ -

the dime1rnion needed. The distance betwee:c1 the;: poJic:s also plays 

an essential role and the dimension. l'i of' the mat:cix 111 is given 1)y 

,. I -;.. ...,,.. l tn.:1.:{J PI ~ 2~ [}\ a 1 - a. t. + M [ r. r i , 
The formula ( 1 . 2T) consists of' two te:rnrn, i == 1 and 2 where thE: 

term :i. "' 1· corresponds to all those waves i,rhicb. are sca.tte:Tee_ in 

all. possibl::> combinations between the bodies and tben scattered. the 

last time frori: body no 1, rtnd similai-J.y fo1° i = 2. The matrix 

~r ( 7\ __ ,,, ....... , r- ( 11:) 
'· • • J '"""} ; L (' J•• ti• I c ln,i, .·•., 

This 

makes th,o:; yon Neuman sen.es expe,nsion of the iir.rerseB. in ( 1. 27) 

J'.'apidly convergent. 

~/:JI-~;. ",T ') 1-::.." )7. 

The ]_imit value of' 'r beeomes 

• \ ~ c_,_:.J :!. /;. { u,_, fo:r .1.arge , . . I~ -;. ' ) 
\i.e. J.arge La 1 - a,.1 · 

2 
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Fer interniecLi.s.te se:parations it can ·be J)refera1)1e to use only 

a few term.s in th·2 von Newnan se:ries. 'J'his mea.rJs that t.he 

importa.nt ccrr~ri"buticn come:~ from the fir3t few nrnltirle reflec·-

tious between the 11odies. In some case :it ma.y be prr::i"'e:r·2.blc" 

to use the Tesult Of the translation Operators orera·tion on 

the basis~unctions and the plane wa·v.o: r:oefficicnts. · Orn~ such 
/ 

case ls -v/b.en 01~P. wants to cal cula.t.e the far fielcJ. for :p1ane 
-~ 

t .... . tl rn t . 'I' ~ '·")T ...,,~,i.. ,,,l:: -vrave sea· ,,er1.ne; us:t.ng . 1e .1. me. -rix . 
0 

:;., 11!, c .
1 
h\ c) • .1. ie 

asymptotic belw . ..,-iour of the basis fu...rictions g:!.ves the following 

relation: 

0 p -> ··-t· . -). 

R (( \ lr' I f k f )\ - l m ~ 

• -> ·~ 
i. k c . l" -·-"1• ~ 

0 y; r '·" !,A '\ ~- . ~~ r ' in 1 

t' 
+or'° ., 
I 

r>:>C 

~. 
where A J.G a c-onstant Vf:e:tor 

r·· (. °"- I) --"' 
defini2g tl'e. p0lar~.zation) has the expo.nsicn le: '-= L ct.1vt 11 e ifrt: 

i ~1 , ' 
---1' 

Thi s giv-o;s t:he relation (A is unaffected cy tTa11:::;1c-d:.ion -=mcl 
~ ;·:' -> • ~ ;~ .. 1·~ -=-
l i<; • I' ,.., t, •< ' 1; p i . <. • L .,. ..c.; -:,.. e -.::. c: ~ y t"' ,-~ r,, + ~ ) : 

• .,..,,. ··> l 
0(1 . ~ -··C. i{•C. -~ R ( cJ (i = e a.. 

Used together these two sjmplifications give 
...,.. •tl'~ . "') _,.. ,_ 

JE
S :l!>t; .,,,_ ~ ,..ll~-kf' ·C ~tT -7' 
=w la.~~ lfl .. Q 7 . 0 ,, .... . l 

which of cou:r·se if; c:t' ereat impc:rt.ance in the Emnerical 

computa.tion of scattering .amplitud.eB, 

( 1. 34) 

( ·j 3c:\ 
• • _, I 

( 1.36) 



'l'--OG computes the 'I' matd.?~ of 1::1r1 :i.rii'1.,-,itely conductin; boc.y. 

Q·-D compn-::.::.s Q matrices for a dielectric b()dy. 

Q·-'11 ccr.::putes, for · given Q mati·ices ~· tl:e '.L' matri~.>1 foi· a hcmo-

geneous dielect1·ic body. 

Q, T-'l' co11rputes, for given Q 3.nd T' mt:.trices, T rnatrices f'o::-

layered hodies by mf:a.ns of tlk i.teretic.c!. proceclu.re ~ n ( 1 , 26) 

1r 1, T2-'.I' computes, for given single body T mati::i.fies, the tot.al 

T mat:d.x of a twc ·bo<'ly sc'.3 .. tt<~:rer _ 

f 

corrc:rutes t·be scattered. field by :mc::i,ns of T ms..ti·ix and. 

coefficiF:nt.s of :i.ncomin[: w~wc . 

'l. 
. · ·' ' .. called b:y- the MaLnr0m.: uwr. e.re: 

L.. 
BESSJi~L computes the spheric::i.1 Bessel fur.et ion fo:~T rec<.~ c~rg112nent. 

L CBESS computes the SI>hericaJ. Be::::;sel func:t:i.cn fo:;; cc:nplE:'X [.tl'Lu.1·:;en·s. 

BN e: ompv.t e s the sphe:cical l'JeU"?_TLS.TI. funetion fer :t·eaJ_ argu.ff:PL.~ .. 

Ll~G computes the associated Legc:ndre p(>lyEcm. 

computes the three-j symbol fo:r m3 equal. to zero. 

VPSI computes the basis fu:i.l.ctiorn.>. 

VKOEE' computes the pla.rie 1-mve coefficients. 

VR computes the translation matrices. 

1'he following :coutin(->.S pe:cfo:rm some rnatr:!.x operations. 

MCNV inverts a comp.Jex .rn:::.trix 

cmrn con.d.itions Q. I'.1.atrice~- in tb.e ss11~'.e. l,:;,· W;;tenm.n, 

ORTEO orthogon.alizcs Q :i.natrJ.C'2S > 

PERP'l' 
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The i'ol.Jnwing routinef; COJ~1pute r( 8) and a·c·' used in tb.0 num2rical 

I 
L 

'l'RCIBC a circ1e wi"!.~h centre en the z-ax1.s. 

l. LINE a J_j_pe 

ELLIPS 02.1 ellips with eent1~e at origin arHl one mci;3 along the 

z·-axJ.s. 

TRELL I an ellips with cen"i~ti>lil on and one a:-:is parallell with 

the z·-axis. 

Spl1ere-cone···E:phere is ci. combination. of routines which generates 

the sphe:;:e-c:oric-::;phere sh0,pe. 

The follm·:ing routine ;:;omputes the enilpo::.nts for the :integ:rati0n H! 

SPGOSF for a sph-2rco-cone··spheTe 1ri th the z-a.xJ.s as P-xis of rota-

L.... tio::;.al syrnrn2try. 

I ...... 

...... 

L 

L 
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l·'ID,im·ou.tines 
---"··---~~--------···--·---------

'r--oo T::ro{)"ram 
-------~--!;:! __ -

~ I . ;n1e l·.fa,:1.r/'r011t1ne '?-00 whicb co1L:putes the 1.r matrix for nn irifini tc~·-~·r 

c01~ductir1g body has the following j ;1put parameters . 

NRISK ~ NTRIX and NEND (integers) ar'::- paa~ameters used i'or t.Le 

:fac·Lorials FCT ( lt+ 1 ) ;;;; k ! (FCT real * 8) in order to avoid over--

flow, see '.I'RIXJ-. 

NR (integer) is half the dimension of the Q ~atrices and is chosen 

aG I'JR ~ }{a ·where k is tl1e wa.ve "'re et.cir and. a is the ra.di us o!: t11e 

smallest aro:und the bouy circmns c-::i b€~d sphere' with c-'c!ntre at 

l. NP (integer) is the :.polarization i1::.di:~x which J.G C for orthogonttl 

and 1 for parallell pols.:t'i 7"s.tion. 

ISYivi (integer) is the sy..rmetri _pe,r::nnetn· 2,:1<'.'c 

L ISYM"" 1 for mirro:::' symmetry :Ln the x-y :rluE''= avid 

(i.e. for eJiips0ids with center 

. . . ) ... .. ', ,,., ..l,1. 01 ~. 0_n • 

K1 (real * 8) :u; the wavevector. 

A, B, C, D, E 5 F and G (real -1(- 8) 

c.;re gJ.ven values according to the tn;;;~ of' body (f:;ee the :r.·outincr:> 

I_ for 1xioy shape. ) , 

NSECT (integer) is the numbe:c of sections ir~ the numerical irrteg:ra--

tion choosen ~cco:ccling to the dif'fex·ent sections 111hi1;b the ·oody :Ls 

constrv.ctea. vL'. 

NDLTH( I) (integer) H; the nunber of i:ntegrati cm inter7r'1:Ls in the 

numerical integration E1 scc-r,ion number I. ObEe:r·ve that NDI/I'll (I) 

has -:;o bE:: di visible by fou:i:.· ! 

TH"i£'l'AI (real ~, 8) . 
. " ' J_n :ra;uans, J . .s 1-.rJE' e:cdpoin-C ar:d startjng ~pcu;.,~ 



respective1;1 for i;11e muneri:::e<l inte,g:r·.~~t:i.on in section I resp. 

I+ 1. 

After 41 continue the rout:iii.e o:r. system oi' routines which generates 

tbe body shape are called. 

The ve .. rious fie.lds are din;ellsioned as foJ lows 

NDLTH and CDH are vectors of dim.ensicn m.iECT. 

PN is a vector of rlimension NR ·! 1 . 

X and Y are >rectors of dimensio:a 2 ·N.R. 

AR, AI, BR and. BI are matrices of dimen:;ion HR . 

T, RE and H1 are matrices of dimensioil 2·NR. 

TN 1s a matrix of the tbe typc,;(rJR+1}x ;~~NF x 2·NR. 

The routine uses the su..t>routines BESSEL, BH and LEG to compute 
1 ,. 

the ti·ar1c:>pose o:f Q' anJ Q.C' ·by ::-rrea.ns of the s~lmr:1r:;on is fornm.la' gl ven 

in Ap:;:JC;nclix I, fo:r the nu:rr:.e::cics..l. integration. The ::rn.broutine PERt''rl' 

I call;; the conditioning routine CCND G.nd o:>:thogonal.izati0;:1 r-.::•utine 
~ 

OH'.I'HO and computes the T matrix T' (m) called. T in the proe;ra~a . 

T:be m;:;t.rix TN in the program is the collection of all m + 1 
max 

T (m) matrices. That is TN(rn + 1, I ,,T) ··-- T (m).
1 

J 
.. ' 

The routirre 

separates the real and imaginary parts of o,1.l matrices exce:r1t the 

matrices T and TN. 'J:hus AR resp. AI e.re the real resp. inaginar~y 

t f . ~1( . R ,t · par o icl. o~rt , !::: J and BR resp. BJ. are the real :res:p. imu.ginary 

2 t 
parts of Q (out~ He) • Furthermore RE resp. IM are the real res:i/. 

_,_ 

imagin2xy pDrt of Q( 01.~t, Re) u • 



'I'hc Ma:i.nrcutine G~-D which COillI)llt.es the Q n:atr:[ c:e;:: for ciieJ~:ctric 
I 

bodies has the following input po,ra:;1eters: 

NRISK, NTRIX a.ncl NEND (integers) are :pm·arneters ·,;~>ed fo:r· the ta.cto- · 

rials FCT (kt-1) = k~ (FCT real * 8) in order to avoiu cverfl.ow ~ 

see THIXJ. 

NH (integer) is half the dirr..ension of the Q matrices and is choser1 

as NR,2. 2 /h/a. for a bomogeneo•rn body. He1·c l'C 1s the c:o·,rrpJ.ex 

ws.ve veci~cr 01.'tside the mirface ana a is the radius of tl1•2 £mc.llesi.. 

L a.round tb':' bouy circu.msc::' ibed spLere, wi tb centJ'.·e at O::"lgJ.!1; 1·rb~.n 

a direct inversion of Q(out, Rd .is assrnn2d. 

L NP (integ2r) is the 1 ,~ 
__ , 0 fer u.Y'thogrn~.aJ 

L 
8.nd 1 :f'o:r. rmrr::llell pol:::i,r:~ zation. 

I 

L 
( cnly Q (RE:, Re) and Q (out, Re) are cor.:nJuted) and 1 i'or 1s.y!:':::'C:d 

bodies (Q(ne, out) <i.nd Q(out, out) a:::-e also cci:~n.i;iuted.). 

PMY1 ai1d I"M'.{2 (real 1(- 8 ) are tbe red.o..tive permeabiJ.itiei:~ outside 

resp. ·i.nsidu the surface. 

L K1 ( compJ. c~,= ·X i 6) is the ccn:plex wave v~:cto:r outside the sv.-:-face . 

NlND and KAPPA (real * o) are. parP.Yaete:rs ;;hich determine the 
L 

com:p.l.ex wave vector 1(2 ( complex 7l.i 16) inside the surface in the 

L foll<Y1ring way: K2 -- l'HND • ( 1 + i "KAPPA) · K 1 ( i :t s the imagi :nary 

unit with i 2 
=-=-1). Observe that ve always have ImK2 ?..: 0 ! 

( 
G \ A, B~ C, D, E, F and G rea.l -x_. 1..i/ 

are given va:;_1ws according t.o body (see the rou:Lines for boO.y sha.:pe) , 

NSECT (integer) is. -She n:..unbcr· ')f !::.ections in tbe numeri(:al iut.egrr:<.--

L.. t:i.on ci10osen a.ccorcling to +.he different sect:i.ons of which the b'.x\y 

Is constJ.--uctGd. 



L.. 

L 

L 

NDLTE( I) (integer) is the nw.'lcer· of integration interva1ls u1 the 

numerical integ:_'8..tion in section nurnb0~r- I. Observe that NDLTE( I) 

has to be divisible by fuur! 

THETA I (real ?.~ 8), in radians, i.:; the endpoint and starting point 

respectively for t:be m:;_me:rical integr2~tion in sec:tion I re;:;p. 

I + 1. 

After l+ 1 t . t' CO:tl _,lD.lle .!J.e routine or sy;-;;tcm o-f routines ~rhich generates 

the b::io.;y- shape are c:alled.. 

The various fiel(ls are uimensioned as follows. 

NDLTH and C:DII are vectors of cli::nension N[lECT. 

PH is a vector of dimension .!'JR + 2. 

X1 ~ Y 1; X'.::?, Y2 are vectors of dimens :i. en NR + 1. 

ARR' AOR' ARO' ACO' mm~ BOR ~ BEO' BOCJ' CRE' co;:;' CRO' coo' DRR' DO.r.\; 

DRO, DOO 2.re rc.atrices of dimension N.R. 

Q is a matrix of dimension 2·Im. 

The routine uses the subroutines CBFSS, CBN and LEG to compute tb.e 

matrices A, B, C and D, which q,re de±'ined. in_( 1 .23) and c:alled Alm, 

AOR etc-. in the program (.1U1R = A(Re, Re), AOR ==A( out, Re) \' 
etc. i. 

Simpson's ±'o:r·mula., which is given in Appendix I, is used for the 

nu:ineri.~al integration. These mat.rices are then used to compute 

-h - • -Q( ) h 0 

' t ' _,_ -t: .• e mat-rices 1.m_ w J_cn are s oreCl on a t,ape. If LAY = 0 the 

matrices Q(Re,, Re, m) and Q(out, Re, m) are stored en one tape (21) 

in the fol1owinc; m~der: 

Q(Re, Re, 0), Q(out, Re, 0), Q(Re, Re~ 1), Q(out~ Be, 'I):. 

Q(Re, Re, 2), Q (out, Re , 2) , ..•• , ••.• , , Q (out , He, m ) • 
1nax 

If J..AY 

thE:· mstrice2. Q(ne, O'J_t, m) arnd Q(out, out, m) ~tre stored cm an 



ad.cli tional te,pe ( 22) Jn the following order: 

Q(Re, ov.t, 0), Q(out, out, C), (\(Re , out, 1), Q(o'J.t , out, ·i ), 

Q (Re, out, 2) , ....•. , . , ,Q(out, out, m ) . 
[1)1:.!.1'_ 

i)rograrn is used for Q( JRe l {Re l ) 
/. Outj ~ /_Oc;,t j ' 



I ... 

L.. 

! 
TJ-:.e Mairp:-ontine Q--T which cclT:}Y\.rter; 'f' rnatr}_ces for holllogeneous 

dielectric -bodies has the input parameter 

NR (integer) which is half th(~ dimension of the Q m!),trices. 

' 'l'he various fields are diL1ensioned. as follows. 
I ' ' I < 

LL and MM are vectors of d3.meEsicn 2·NR. 

Q,TIR a~1d. QOR are matrices of din:ensio:n 2• NR. 

TN is a :!llatrix of the t;ype(rm+1} Y 2·:rrn x 2·1'-JR. 

The routine n:c:ds Q(Re, Re, m) and Q(out, He; rr.) from :i.. tape. 

By means of th2 inversion .proce:::dure M.CJV the collection of the 

T(m) me.trices7 whicb is Cctlled 'IN in the program~ is cor1puted. 

Tb t • m~( • • I T' - -'J'( ) .a, lS 1.HJ::O T 1, 'v/ -- .,m I .T' 
'' 



\./ 

bod:ic::s hs,s the input para.meter: 

.NH(integer) whicl! is half ti1e dirnension of the Q and 'I' lnat:rices. 

'l'he vPrious field:3 ·are dim~;nsioned. as fo'.1.lows . 

I . 
and l'.J1'1 are vectors o~ dimension 

Q1, Q::!, Q3 a:!ld T are matrices of di2I!E:nsion 2°NH. 

TN is a matrix or the type(NR+1);-:: 2•NR x 2·Hi\, 
I 

The rcmtine :.ceads Q(Re, Re, m) and Q(Ont, He~. m) frt;:'!r. the f~_rst 

tape ( ,.,1) ;:1\1 """ ('lt m) R":ld r(n1 1 t ~,,-1. rn) -"· .-,.,, ·1,-._l1c· . C. ' <I, .n") l. , ' . c,J .. '<\.. \ ~. > tn.d .. ' l, .LI. 0: .11. 

(22) ~u1d i~(m), ca.11ed 'I in the:program, from the thi:rd. ·t>J.:!:>C U:'3). 

By means of the inver::;ion procech~re l1CEV · tbe re:rnlting f(rc.) 

'J.'he collection of the reLultir..g T(1n) i!'.at, ·icc:s is call~d Ti'! fr, the 

progr<..:i1. '1')18.t is 'ITJ ( m+ 1 ~ I , J ) = ;_f ( m) I : J 
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I 
The 1,1ainroutine 

i 

m 
J.. ~ ' 

I 
total T rna,t.ri x fo<:· 

two bodies h.as the foJlowing input pax-&meters. 

NRISK, N'rIUX ancl NE.ND (integers) are }Jarameters used for the 

factorials FC'T(k+1) ::= K~ (FC'I' real ·X· 8) jn order to avoid over-

flow, see TRIXJ. 

-
ND (integer) is the dimension of tr1e T. 

::~ 
(m) 11;e,t1~ices. 

NP ( in"teger) 1.S the polarization in{~.e~ whj_c_L lS 0 for ortbogonal 

and . 1 for paralleJl polarization. 

the or1gll1s to which the 'l' matrices of' tl!.e t:wo· bodie:::: are relatec1 • 

Body rrnmbc:r: one with 'l1 matrix . 'r 
1 

F.itu_F.rt~ed at i~ .. _ 
-~SEP J 

/wave vector 

on the negBtiv.e z-axis and body numll!::::r· two :rit.b 'r nm:tn.x 

situ.s..,t.ed at z. ::.': +SEP/wa.,.te v·ector· on t112 positi~.re z~s.x:.s~ 

LL ancl MM a.re vectors of dimension lrn. 

X1, X2> Y1 and Y2 c;,re veC!tors oi dimension ND + 1. 

are matrices of dimension ND. 

. T~J . t . f + 1. .... I ND 
!' is a ma rix o vi.1e v;.,rpe\ 

2 
+ 1 L ND x ND .• 

I 

J.S 

The T matrices T
1 

(m) re~p. T
2

(m) of bodies nuwber 1 resp, 2, ce,lle.:l 

T1 resp. T2 in the progr·arn, a.Te read en tape (2·1) and tape (22) 

re::»pecti ve1y. By means of the traDslation matricf.-':3 com;;mteu by 

the routine VR and tbe inversion procedure MCJ.JV the total T matrix 

T(m), called. T in the program, is computed by formula ( 1.2"1). 

The col,J.ec:tj on of the ::1at.rJ.ces ri'(m) is called '11'1 :1.n the program. 

Tba.t is 'rN(m-t 1, I,~T) = T(m)
1 

-r• Obf.:»erve tlrn.t the- subrout.i.r .. e VR e:aJ..2.s 
't.J 

the subroutines BESSEL and BH o.s "1;211 as the function 'I"'RTXJ. 
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L 

L 

L.. 

L 

L 

ri.'hc ]11s:i.n~ontine rr--T which cornpute:.'L th2 ·\;nmsl.atea. T me:crix for a 
I 

given rr mat:c.ix nas the fol.lowing input pD.l'&.meters. 

NEISK ~ NTHIX auJ. NEED ( i r··h»7 "'-I'S \; 
p ), .. !.._,::.,..-

factoriB.ls FC'I.' ( K + 1 ) _ K·~ (PCT real .Y- · 8) in m:cJ.er to avoid. 

ND (integer ) :Ls tbe rlime:::.sion of the 'I'(m) matrj x:. 

NP (integer) ::;.s the polari-zation ind.ex 1:hich rn C :fo:c parc.J.le1.l a.nd 

1 for orthogo;:i.al polari~::;.t.ion . 

the 
. \ 

z-·axis .i. 'I'TI (positive) J. s Jef'ined. in s-:.H'r: a way that tL.:~ 

result:.i,:i~t T matrix refers to n, coo:r6.in:a.te '~:;stem ;.rhich is .?. :pa:ca.1-

or-ig:i:c1al one. 

X 1 , X?, Y 1 and Y2 are vectors o.f dimensJ.0;:1 ND + i . 

'.i' ~ R 1, R2, R3 'ar,d R4 are matrices of d:i::::,ension ND. 

(
l'JD ) 'l,N is a Il!atrix of the type ~ + l x 

. . t l lJ + . + l :r; ( \ 'i1he rOUT::i.De r-ead.s ~le CO .e<C v:L.OU Of v le .·. \I•l) ine.t.riecs, '. h . ·wnic . J.B 

callee. '.rN in the prog:raru. That is T:tJ(rn.+1, ' J) --- '"(m) .!.' ··- ~ .• 'I,,J" . By 

n1ea.ns of tl1e reguJ.a.r translatioJ1 rna.tric es callec1 °tiJ"" s1lbrout~.11.e VI~ 

the translation ~f . T(m) ~ whieh is calle :i 'I' in the :pi.·ogram, if corn--

puted. •.rlie co .. 1 . .1.'Rrti"on 01" +,he ~P"U,tJ·~g ;(~) - - • - ,-, .l .• I > .L J.JL J. s aJ.·s o c a.lJ. ee'.. TN 

in the prog:nm1.- Observe tha.t tbe subrOLlt.ine VR c n...LL:; tl'u2 Si.1."b:r·outines 

J3ESSEI, c.nd. BN as 1-rETL as the function TRIX.J. 



l 

L 

L 

L. 

L 

,/ 
" / 0rhe MairJ/[·outine :!?SIS which com}.)Utes t.h'2 scattered field has the 

follo«;ing input pe.r&..11et::ors. 

NRISK, N1'RIX ar.d NEND (integers) are :pa.rameters nsed for the 

factorials FCT(k+l) =: K! ( FC'l' real * 8) in order to avoid over--

flow, see TRIXJ. 

NP ( integer) is the pola.:ri~~ation index which is 0 for orthogona,l 

and 1 for parallell polarize.t.J.on. 

NPCHJW ( inteR·er) is a parameter which for t:i:ie value 0 has i10 

for the other pclari.zatim·1 ( .5.. e. cti:..er ·(.lw.n the . before e;i ven 

value of NP) it is n:=:cessary i:.u give H.PCE?:J~ the value '!. 'l'his 

will transform the T matrix m,ecl in the pr0gx-::-,.m to tbe one with 

the cor:rt:(~t polar:i zation. 

J'\T'!" ( • t ) ·1;_, , J.n ·eger :i.s the dimension of the T(w) natrix. 

NB ( integer ) ~- ·" a ps.ramete:c used in the ;,:;n1lrou.t.i.ne VPSI which 

c::-.mputes the ba.si;; functions, 
r,;1:, 

.: ... ..;.,._) 4 

If NB = then t kr ·exp ( -ikr) ~; H·i 

If NB 
--? 

... 2 then Re li) 
I l!'l 

-;. 
If NB = 3 then ll/ 

I 111 

lS computed. 

is computec1. 

K\T (real 1(- 8) is ·the wave ver..:to:i:·. 

BHE'l'A (real * 8) is the pc!.ar angle, ir1 radians, of the wave 

vector of the incoming pJ_ar"e wave. 

BHE'rAIJ (real -X- 8) is the angle BHETA J.n degr.:oes. 

DIST (real * 8) is the wave ve::!tor tjmes the radius t.o the 

observF-.tion ::;ioir:t 

TBET.A. (real ·Y~ 8) is the polar ar:gle, :rn radians, +~o the observ[_;,-

t:i.on point . 



~:. r ·) :-·:-> .:. 

L 

I 
L 

'Ii!E'I'ft.l> (real }~ 8) J. s tbe ~-ugle ~~'BETA in degrees. 

is the angle, J..l.!. to the G()S~~l-.VS.-

FHID (real -X- 8) is the ang.Le FIII in degree a. 

'Ihe various field.s a:(e d.:Lnensioned as follo'hs. 

PN ,. X ;:;.nd 
l'/D .. Y are vec:tor3 of dimern:;ion -;;-- .,. 2. 
,:._ 

AP, PSIR, PSI'J:'B~ and PSH'H are vectorE; of 
.. .. . 
lj_J.TI'1ensi·0n ED . 

· {ND \ TN is o, ma.trix of the t~;1pe 2 + 1 r: JITD x ND. 

The prog:::-am reads the ccllec-Cicrn of the me.tr:i_cc:s '.I-(r!!) :-r:hich is 

calJ.t:~<l TN ~n the program. 'I'hat is TN (rn I,J) -· ';-.Ln ( n1 \ \.U .) l .,. • 
-'~ 't.I 

. 1 
"'t" ; ' 

Afte:c cgJling the s1J~tn·ou1~ i::ies VKOEF and Vl-'SI the~ pls.ne w~we 

f ~· . . coe 11~1en~s resp 
_,.. 

pond to-the expansion coeff'icier1ts f fer the se:o:ttcreu 1:-rave. 

""-~YP(.L--j' - }'" rn(m). -a ' ··'1l"'J.""" "' ~- .;_,_,... --· ,_ ·' , I T <_ ·r . - - '"' ~T 1 3 the pJ B.r1e 1.t18.:·1 r.-:.' co::: ffi c ic-:11.t. 
. .... . ''..J (; () 
<, 

cc)rn.poni.=nt s 

which alsc) tran.:=,formi::d l:Us.e the pla!12 

l'\ I\ 

cc.,ef'ficients. P 1 resp. P2 are t.he 8 res:p. ((' 
J 

• -lo- s . . . ( 'k ) f:•eld l.jJ rnuJ.tiplied by kr • exp, ·-i :r vhen NB=1. 
I 

11 axaplitudes 11 defines the scattered far field com9let. e 1~.: 2.nd cae 

be UGed +'r.,... 
.LV ,1. utber computatio!10 as i;;elJ, 
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I.... 

IIb 'I'b2 snbro-tJtines a!1d. function;, 

Suhn .. m.ti:r1e BESSEL co."..YJ..P11tes a spherica.l BesseJ.-function of given o:::der 

and. gi veLi ree.l argument. The :r.·N~tine uses the series expansion 

t'l ~ 

J
• ( ., \ x ' 

" 11 J\J "-= ,-~--···--:;: 1 J Cl"" 
"I "-\·'1)' ~. ,' \G.rl ••• ~ 

l·-;: .. 

Q = 1 I} / 
O~. 

(. 

''I./ 2.. (~ . 
-A 14.. i ____ .. !::=_:_ ____ _ 

2.i., (ln +(1.i:+ 1)) 
This seri0s is sum.rued up a.t most to 10 i tern:s or until the n:lati ve 

--?O 
cont.c·ibi.:tion is less tba;.-1 or eq«ml t.o 10 ·- If' after tl1e addi-

tier.. of tb:: 101 :st term ·t,he rel&ti-,,-e co.1:1.tr:ibutim:. is gres.t::or than 

·-20 
10 the error pararneter ( integel'.') ';.tiJ.l be given the ·.;alue 1 $ 

instea6. of O~ and ERROR IN SUM OF BESSEL will printed. 'l'he 7.'outine 

fa usec as fo1.lows: BJ<~SSEL (n, x, .jr/x:)) e1-ror pa::r.a.112ter). Sub-

Bessel or..d nre·umar1 func·Gi(Jns JeSI~sct,i-;le1y fo~· 

bcr. The :r·autine calls sutrmrcine BES~:JEL tc ob·t;uin tlle t;wo Pesst~l 

functions of' llighest o:::·der ne::oded. ·rr,e recurrence re.lation 

.( (X) + 
I t'l ·" 1 ' 

-1 r f (X)-= (2.i1+1) X j. (X) 
' r1+1 n 

for the two kinds of spber-icJ:J.l f•.inctions i ~ ; 1-lSed to ge!le:i:·ate -~he 

BeBf::e1 fu;.1ctions of lowet: ord-::r. 
(1/;'t. 

The rou<.:.ine starts with n<.{K):;--~-;:"-
1 r. 

- . lo· x - · . '1 n t x J :: - -2- - ~ 
1 . xz x and \JSes the i·ecurn::nce :relation to gene-

rate the:, remai 1J:i.ng Neu.'Dan fl:;.nctions up to the same on1er as the 

Bessel func:ticms. Prom tbe Wromikio.n for the two kinds of s:i;.ihe-

rii:!al · f\metions it is porosible to construct twc tests for the. 

funcL-ions: 

For Bessel funt~tioris: f,. (X) h {X) - j (:<) {},,(X) -
~{/ {). vfJ I 

-Z x 

G • -l 
} _ l x) n ( xJ - ) A , { x J n t x) == x 

1 l'•/ 1./-1 111·-1 N 



l 

L_, 

I 
L.. 

where N is the biggest order used. Theee twG tests are used 

in the ro1 1t.ir"·-~G 'l'-·GO, Vli a!1cl VPSI. Observe tLu:t the result 

fj eld s of BN httS the d.ir:lension N + 1 v:iJ.~.ch u.l.so ::.s an i;1put pare.--

mete:r of B.N. '.foe i.1 <.:mtine is ur:ecl as follows:· 

B· 'hrfy· ""'·'-" (' ~v); I·\ lv \. •' / iv • ! / ) f> lA , I.!: • ~ / •• ,. • '°' I . t 

The s-:.i.b:cCLlt.iEes CBESS :resp. CB:N an; like tl:..c cub1·ou'tii::.cs BESSEL 

res:p, BI;l with the exception tlmt the a.rgu.::i1e11t of -~be two kin.J.s 

of B:essel f1mctions is corr.rplex. 'Ihe test :for comp1cx Resse"l. 

fun8t:i.o:ns J.s :performed. J.!1 the rout:I.!Je Q-D. 



Subroutine LEG comput-es a vector where tt.e elem0nts .3-re the 

associated L""gend:r·e f'unctions f::;r g:!.yen argument and azj_mut 

:index ancl for varying ordc,;r up to one u:oit less than a given 

numbe::c. The rcn;.tine us(~~; the form1.112.: 

IM l 2. :·n) ! l 1 - A 2) o/2 

D ( X) == ---. .. --·-
' m ln ! lm I 

I - and the recur::::ence relation 
m -·1( · m . f )~ , P ( x \ = ( n - J-11) ( 2 n - ·1) ,x P . ( x) - ( n 4- n1 - ·1; { x) J n , . n-1 nd'l .~ 

Observe that the resulti11g field cf LEG has the rlimeusion n + ma.x 

whic:h a1f:'o ·is a.n input parameter·. 7he routine :is used ac.; follows: 

L 

L 

L 



L 

The conr.ie.::b.:m ~vo tl1e 

.,, r··r (1/. \ (.. m 1 r C 1 1V 1 L ) -· 

I ~ 
I j '1 
\ ' 
\ Vn ···WI 

J 'Z 
f. 

\ 

L~ \ 
I\ J \,; 

whei:e FCT j_s the i'actod.als of intege,;_·s storul as a vectoi· (fCT 

real * 8). 

FC'.I' (l<: + 1 ) = 1- J '-• f'or Ic + 1 < Jll 

F~rr '-'~ (k r, .. 1 ) ::: k! x 10 
_,. 

_; 

fGl' k 1 > + n + 1 

The roatine TRIX.J has tvo differE·nt error indications . One indi-

cation 11Error ia a~:gwnent of 3·-,i n is give::.. :i.f t~:.e ~~-o~:_:iowir!g u; 

nc.t satisfied.: 

1 ) tb.e argu.i."!le11ts are even. 

2) I rn l 

( Tlle ·- t .... l) •.> ClX.:. ·:1 
\ 

!!'.-s). 

The otLer ind:i.L;o.tion 11Fs.dor"i3.ls excce:ied" is ~ ... p 
... L..L i;.1 -enc:: 

is given no value at all and tb.e ~·:h0le program will stop. 



L 

Suln outine VPSI ;rhicb. c:o111.pnt '2 s t.te basis ftmct.ions nas the 

RAD (1·cal f. 8) J_s t11e va.v2 •rc:<.: L;;r tinK.s thf7. radius vector 

to the observation point. 

'J1H=rrA ( .,,, ... -L '·' .. 1.1''- · l ~""'-. T.· 8) is the :pol&' angle, lr: radius ~- t;o che Cbf'.e:r ·-

vatiol1 :point. 

vation :ro:i_nt . 

1JP ( intcg,::!r) is the pola::ize.tion irjJ.e7.;: whieh is 0 for :>rthogoria:l 

and 1 i'o:r. p.':!.ralJell pol2.ri :1.ation. 

NB ( int0;:5<.::r) is a psT'n~ne-t . .:::r for cl;o:i_.;::e of cind of basiB func:·sicm. 
,l. < h-.. -?· 
·~-c~ ·--;. 

NB - g:i. ve s Fi.l\.D • exp (-j_ • FJ\D) tr 
_,. 
~ 

NB = 2 gj_7es Re \('. 

!~B ~~ 3 gives 

M ( integer) is the azimutind~.{. 

liTD ( intege-:.·) is the dimcr1::: ior, oi' the iJ?(Tu) matrices. 

/\ ...... I\ 

'rl1e outrmt PSIF:, PS ITH resp . PSIYH c..r<; t.l1e r, e resp. qi 

formed. in the same way as the ~'(m) matrices. 

PN ~ U and V a1·e au.xi1iary fields ?cir the storage of' Legendre 

.polynomials and sphe:d.cal Bes.::el f'uncticns. 

'I'be variov.s fields a1·e dimensioned. as folluws. 

PSIR, PS"I'rH anC. PSIFH are vectors of dime~lflion ND . 

PN is 
. _. . · rm 

2 8 'f<'c'l·rJI" <1f c1-rr'"'·n~J •··r' -·- + ·-. , - J - • • -4 ..•. ·····- . ~ - 2 

. 
·1·J • " • • l'Tl) , V are vectors c,f rnmension 2- + 

'l'he routim:s LEG, BESSEL ano. EN a.re called when NB = 2 or 3 . 

When NB ·•· 1 cnly the nmt ire :LEG 
. . 
is ca.lJe<l ... 



l 

L.. 

BHE1'A ( :ce al ;'(- J. n r~.C.ia.n~:; of t_.r1e 
. . 
J.ncoming 

wave ·•.rector. 

NP (integer) is tlle polm:·i zation in:l(::;: wi'licl: is 0 fo:r· ortha-

gonal e,nd 1 .fo:r pa:nilh:J.J. polc.:ciz:J..tir:m 

ND 

'l'he field~~ 

~( ~ 1 .. m,.. 

of the T(m) r.mtric~s. 

. . . 
ct:.Ln 1.GlJ.8}. :Jn 

rche subroutine 

2. 



_er( c ·wl)iel1 a-re cs.l.led B. I:'; 

l_ 

L 

where 

L 

L 

..... 

L 

L 

L 



. . 
&::.i.ven :mu:tr::_x .. 

\fht.=n tte routine 1 s 

lief ore. Onr~ hau -co give thi::: 

cJ imensio:·1 cf t11c matrix as weJ.l :'.!.G to t:'.sJre al' ea for two g;:..1xi1.i-· 

ax·y vectors Gf the same diirE~nsi1::-n but with .int":r~.J.'.'.. e:.L:m.e~1ts. 

The ro-tltine is used as f"oll<H·rs. -. . 
a iy,-_:_en ~:; J. on , 

L 
detern::i.mmt, auxiJ .. :i ary yecto:L·, auxiliary vector) , 

L 



'·· 

+-
Re)~ 

l 
im.agi:nary ~arts 

ar~ also ca:L.led RE and. IM in the rr)utine. 

L 

L 



matriu~c the rcol cind i;}",agi.ri<E'~' :p~;.rts res:p. of' Q( Ou.t ~ Re) t has 

M (int2gEr) is th;;; azimut index. 

ND ( i:oteger) is the din12nsion of the Q Liatrices. 

The fields .are d.imens:i.0:1cd as follcnrs 

X anc Y m:·e auxiliary ve::tors of di::nerisinn ND. 

FtE a.nd IM a:;_·e matrices of d.imen::;ion rrn. 

L The matri.1.:es HE and IJY: 9.1~2 the •:on.S.i tionr:'d. 

are also callerl :RT~ and IM in the ruL:tine. 

as described in Ref. [1] . 

L 

L 

L.. 

l 
L 

L 

L 



l 

L 

I_ 

"O'"'TJ''t.r.s t' l,,-, ·1,·'.'T '"l. X 'r~·1' n1l ...,. · '·'J: L,i. ~ ..... '· ' "'· · -- ... ei..~.J .-- ! 

NP 

and 1 i'or pa.::-s.lJe:ll pola:riz::.tion . 

(in t ege:i:') 

:;_s ?.·HR. 

The f'id_:ls FJre ·dimensioned as folJ.m.;s. 

f;:J, AI~ PR and. BI are m2trices of r'l:~;::en~-;ion NE. 

r11
, ICE anri. 11·1 ar..:: n1afr:~ces 

. . 
d:!.mC-:11S 1. ·~.111 ND. 

'l'be matric:es J..R, AI 9 BR r-in(t BI a:cc 

P- -• 
.LV.L 

" 

.t 
Re) 

., . ·t 
the im2gina.ry part of Q1(out, Re) ~ t;:~.e :rea J. ~s.~c"L: of (-le ( ::~ t;; 1-le) .... 

:ceal r;.nd. parts resp. of Q(o-0.t, Re/). 

HE and IM matrices ~!'e conditioned. Jnd c1·thogone . .lj '.:.e :]. 

·T·-, \ ( 
tbe \m; m.atri ees complex ·* 16), called T Jn the rc~tine, ar~ 

compate:d by RE amd IM . . \ 
011e i. 

that we could have separated l'eal and imaginu.ry pe.:rt::; of T(m) u.lsc, 

tbus not introducing complex nu..,1iberE;. 



l i'o:r· o. line. 'l'he ang1e e 

THE'l'A (i·eal ->~ 8) is the po1a.r angle~ lD 
' .. r a.clJ_ e.r1s • 

+ 1 P.nd --1 arid 

line in the x-z 

l 

C (real -X- S) is the z-coordinate of the: intersection of th2 7..-axrn 

and the line, 

ALPHA ( :r'eaJ. 7f 8) is the .§.~"!§.-~!£:"£ angle between the line and the 

z-axJ.s, J.n radians. 

'.I;~"Je outr:ut R ::tnd. DB (bot1' 1·e9.l * 8) are the~ corri-ruted r(e) resp. 

l-

I ._ 

L 

L.. 



L 

L.. 

L 

L 

eh· 
l'tnd 

Je for a. circle vi "th th~~ 

The ~rngle 8 i::; the polar 

z-axi.s) . 

ffl.'lI and CTH are SJ.n ru;p. C'\JS of the a~1gk e. ( b::itb real ·X- 8) • 

C (real v .,... 8) JS the £~-coordins.te of tl:.c center of the 

A (reE1.l -7<· 8) lS the " . raa.J.vs of the eirc1e. 

'l'l~.e output F. and DR (both :ceal ~ £!) are the coE1puted r{_G) res p. 

cir 
d9 • 



Sul:routin.E-'. r;I.,LlPS co1up11t0s r (El) and 
d(: 

f'or an ellips with 

from ~;he z-r1x:~s). Th~ r0utine ll:-is tbe following } ;-,_put. p:-~r2:1:et.ers. 

S'l'H a.nd. CTH ar·c s:i_ri re s p. C'.OS of · th'~ :mg1.c 0 (both real. ->~ G). 

A.Z is the J.cngth of the eJlip3 haJ.f axis wLich lies on the ~~-ax:is 

(real ·rt- 8). 

BPJ-i. is the length of the ot::-ier hah' e.xi s (real ·7~ 3) • 

The output R a.nd DH (both real -~ 8) c:,re the computed r ( 8) resp. 

dr 

I 
., -

01:1 

, __ 

L 



the ee:nte::: translatt0-d. from the on U.:J.n. The routine has tb~ 3ame 

z.-c:oo:cdinat.e of the center of' the 

L. 

L 

..... 



L.. 

I.... 

L. 

conip-u.te the en::i ·Grid starting points of tbe · thre-c~ ~:ect:i om;. 

'.rhe boCl.y- shapP. nseo in I~ef'. [ 11 is v!ell suited ar; o. te::1t sur-

fac:e to check the relatj_cnr, ( 1. 211) and ( 1. 25) nu1Eeriu.::.l ly. · We 

also ws.;1t to give it in order to ilJ.ust:rate how t.o use G. c01:,_po--

sit.2 lio1Sy- shape. 'l'he bony consists of a ·bigger BJi~:er·e wiH; 

cf the coni ::::::.l seet.:i.on. 'l'he bi_g~i;ei:· spl!ere he.s ::.t.s cent er at 

a ·1-sin-:v z ~ 
2 

, . eh· 
con-cini.;;ous -

cTe 
. Th€ sl:?.a,pe of this body is not gener·-

att-:d by a si:1gle subrontine becEn1se of the spec-d of the crnap..tta-

t.ion. Anyho'tT, the c;.,bove proceclu.1·e i~; eusy to U::Je bec2,use one: 

only has to put in a f'ev cax-ds in the Mainbl'.'ograr;J Fmd. define 
I 

the five paralJleters ueeded. The first p8.Y'1:1Jneter Ji (real +;. 8) 

is the ra.d.i us of tbe bigger sphere. ThE. f'eco:nd jY1ra.mP-ter is 

ALPHA the half cone angle (:r.:::al ?(- 8) , in rad_ians. 'J'hec.1 follows 

NDLTH( I) tbe m..i.mher of' integration intervals in the:. thn~e sections, 

which ;::.,ll can be different bcil". all has ·co 1.Je cliv:i.sible by four. 

'l'he c<:~•-·ds (as sho1m in .ApIJendix II) i~ - DO to CjJE(3) =., .. 

shall be in::;ertec3 befon: the (:a,rd N ··· J::TIISi{ in tlle progn.trEs 'I'-00 

or Q-D, The c:arJr; GO 'I'U ( "1 , ? , 3) , It~EC'l' t.o h COifl.'lNUE slrnll be 

:i nse-rtec": e.fter co.r·d h 1 con·rnruE :i.n the pi:·ograms 'l'--OU or Q-µ. 



L 

the shape of a spher~-cone-sphere~ ~2e Fig. 6. 

A (rer:.l -?(· 8) is the raa.i12s oft.ho L:igger sphe:r·c, ~•liich always 

is si ti.:,ated Etbove the smal.ler srhere (on the z-axi~>) . 

(real ..11' 8) is the ceopo:i.nt., in rafli.s."1s, c;f 

the first int<~gration 1 ) \Ihi c:h l G OVeI' a. }?fJ.Tt o:f tl1c 

THETA: 1 is also starting point o:f thE second inte;;cat:i.cm 

( r~ection 

ALP.ffA. 

.... \ 
c_ I -0'11ie!.1 J. f) 

THETA 2 (:r·:::::.J. 7'~ 8) 

over tbe cor:iccJ. psrt with ha=u'· crn1e 

] ,, 
"" 

integration, (s2ction 2) and staTti:.:ig ·uoint o:f the t.hira inte-· 

gration (a'2cticn1 3) which is over a, n::;.r'"t of the s.rJall~J: sphe.t'e. 



l 

l 1 • 

0 ,_ . 

L 3. 

}. ~-

i:: 
,J. 

L 

f' c;, \"i:-at0y·u1a11, tt1'Ju1l_1t:.rica.1 S0l1i.tic.c. of' Elect:.. .. om2.f)l(~tic 
Sce:_.t terinr:; P J:·e:·i_;J_e~n~; t i ir1 Co~rr·uter ~:rr:chr1i,.que s rc:1r J~lect-:r·o-
1natt;D e~:.i~s~ 1:\, I·Ji.t-t:r·a, :Eel. (Per·~3l:(12·iun, OYfOI"(I, '!9'{3) . 

r. ·,r_,~te1-.'"!='01 .. 1 , S. StrO:n .. , P1:"1_,...,s. Bev· D8 ~-661 ( 107~) J.) - - ·- - " '" - ~- • __ , _, - - _, ' 

1\. Ii. Edmo11ds' .tL!'lgU.1:11 ... r.1:::nner1ttun i11 C~11ant- u:11 }1lr:·c;11ani CS 
(Princeton Univ. Press, Princeton, Nev Je:csey, 195ri'L 



l . 

I 
l.... 

L 

L 

The explicit expressior1 for .the basis functions is. 

Pote the fo:Llcwing n~lations. 

x >> n 

Fere Z is a sphericaJ. Bessel-Neuman- or Hankel function er ex.::; linear 
11 

combination of these. 

~ m 1 I m , p v.1 , 
£ P (cos e' = - -.--- t ( Vi+ 1 i c. o s e P -( n - rVi + 11 . _ · i 
l>S . n 1 5 t,n e \ J Ii n + 1 / 

m 
Here P n :i.s tbe associated Le0end.re fu.nction as in Ref. f 5 1. 

~ .,.;, 



L 

-

The orthogonally and. parallely polarized plane waves are 
. ~~ -.,_ A 

/~1 = exp(L k ·r) e1. 
resp. ~ I\ 

· /E. =exp ( i k · 1) e · 
-11 l l 

-+ 
The wave vector k is always chosen as 

~ kl . , 0 c: .. ). k= \sc:.ne, ;c.oJe 
We use 

The plane wave can be exp£.:!1ded 
~ S..l..i 

- Uf) ~ 

.- ffu:f ·--== L Q,/n Re r . 
lil. In " I t1 

.l 
ct20ttH'2 

.l. 
a 

10>n n 

especially 

and 

a 
a2emn ~': ~-

espec~iaUy 

.\ A A 

(i.e. e,, x~_=-.:._k) 

w:ith 

vn 
---~ .. :--

• I 5, n e 



'J~he tnms1ation matrices for the ba,si.s function are given by 

-~ 

R(±d., z \ 
1 

,\ 
/ i :O m n 

1 
z CJ m'n 1 

I 

"'"' n+11 {-1)'" z ~ 

~ ~> 1L·(+ .J ~., \ I ,~ vt.· ,..,.. . ;' 
- i .... A ' • 

c ·/e.n.-.r ~,,,, .... ~· • •. t 1 (, ;,/ rn f'f 

where 



The Q matrix for infinitely conducting bodies, with t:he z-axis as axis of 

rotational symmetry, is given by (c.f. formu1a (·1.14), (·1.18) and (1.19)): 

Sine x 

0 

r. l l) r :) 0 fi' () . m ) I () I rn ) 
)f 1 K1 r h ( k r) _s._ ( r J. l k v l) 1 i , .. ,_ P ( c o s e) 1 --· 1·

0 
( l e> s e;' -; .. L i1 . L a r n I t .J 0 () e n -I \'o (;> n t • J 

111 ? . /tJ , · I '-

~ ] 
·~ I t!f ( ! .. /'"" ; g ,..,. ,,.. , o.~ ... \. IA\ / . 

. n r! 

0 

...... 

I .._. 

-



l 
l 

l 

The Q matrix for dielectric (lossy) bodies, with the z-axis as axis of 

rotational symmetry, is given by (c. f. formula ( 1 . 14) and ( 1. 23)) : 

'Jr_ 
r ~ ( , 2 

8( Oc1.C
1

Re,111) , -== tivn '-/ YM. ~ '(J~-1·~.,. 17 I· d. e ( 1<1 i·~ x 
._ I 11 J1 ·' f'~ ; V t,, rl , J 

() 

f. U)!k I • ( @ (P Yl1{ 11 p;11 • 1) 
x n . "'r; l l<I) r;' ;;--- ./o>f!J; , , l lo SrJ),. n 1. , " n r • ~ o9 11 l1 1 

C (·a r /i"' v -=:. tt 11(€
1 

Yi1 , 
' YJ i1 I 

l 'Jc 
Y... ( 

1'tm_{v v ]c.joLe~ 
J...,, L.. l1nu1 Ornn 1 

J 

0 



7e. 

21L [ ~ ( 
-- v v ] 2 joLesine .lr 
c Ornn 0htn' c:. i'H 

0 

L 



L. 

L 

L 

I 
L. 

For the numerical integrations we use the Simpson formula: 

b 

a.. if c x) d 'K :-;:: l!_ . (' 7 t.1. + 3 2 '1 +· 1 2 ':/ ~r- 3 2 L/ ·-t-
. · ~. 22.5 JD t-1 . 2,. J3 

-t 1 lf u + 3 2 u -1- ! 2 r.-1 + 3 2 t.t + I '1 c.1
8 

-t· 4 • . ., 

J1 J5 J(, J7- d 

+ 3 ') u + 12 ll + 32" + f L1 ) --
• c e t.. JN-3 JA1-·2. ,,;///-1 JN' 

2 hG (&) 

- ( b-o.J q11s f · ( O 
L fq_::._~ . N= u ~A where n ::: 1 1v 1 

N ' 
by four ) , 1j i ~ f (a + i h J 

is ·tbe nu..mbei· of inte::.~valls 

and 
r

,.. ru-1 1 ... 1 
c l ,, u;. 

( ,~ ·_ ..... .: c..; .. .., ) 
·-1.l ~-'-"~0.1.C 



I -
/ 

L 
L 

The equation of a line, as in Fig. 7, l.s given by: 

dr 
de 

--

C Sin<Y 
s c.vi ( e:t ~) 

cs~nt\' cos (G±(K) 
-· ·-... .. ... ._: ,.___..,_ 

s i. n 2 
( e .!: a-) 

wher~~ 9 lS ·the pola7tmgle (measured from the z-axis ). C is the z-coon'J.i-· 

nate of the intersection between the line and the z--axis. ()( is the 

smal.ler <:mg:le between t.he 1ine and. the z-ax:i.s. 1'!1e + sign is for nef~a-

tive slcp.::: and the -sign :i.s for positive slope (as curve J.•1 x-z plane). 

The equati 1x ... of an ellips, v<i th centre on the z-a.xis, as J.n Fig. 8, if_; 

gi-ven by: 

,,.., 
. r 

~ L ') ~ · 2 ~ 2 · 2 ·1 
11i h c c o s e + .o.. b a~ s i- l1 e -;- b c. o s e - c s i n e J 

--·-·-··-·--. --·r-:-··~--~2-·-·-~·~;·--· ·------------·--· --· .. ---.. --~ .. 
a $01~,e + /:J c..c;s-f.Y 

where 8 lS the polar angle (measured. from the z-axis J. C lS the z-·coOrd.i··· 

nate of the- centre of tl1e ellips. a is the half' axe;:;, along the z-axis. 

b is the half axe3, orthogonal to the z·-axis. 
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,. ... T- 00 PROGRAM 
DIME N SI 0 N ND L TH ( 4} ~CD~! { 4) ? AR ( 5" 5} 1 A I '. 5 1 5 ) , BR ( 5 ? 5 ) ~ 3 I !5 ~ 5 ) , P N f 6 ) : 

l X ( 10 } t Y ( 10 ) ~ T { l 0, 10 l • RE ( 10 ~ l 0 t" ! M { 1 O,. 1. 0 ~ , TN ( 6 -1 l C! 1 l G i 
DO!JBLE PRECISION THEfA,CD!-1,DU!-i,SRM.t.JL,.STtJ,CTH,Ki~iDKR,PN~fC.:hX?Y 1 1.3'T 

l 1 C T P \'!l , W 2 , W 3 , W4 , W 5 , ,\ R ~ .\ I " B !< ,. l3 I , P. E , 1 M t Kl ~ R f D R , AL r H "•-. A, B t' C, D t .P I ., 
lT HET f\l, T HET f\2, THETA 3~ THETA Li-, E / F, G 

COMPLEX*l6 l1TN 
COMM0N/F~C/FCTClOOJ,NRISK,NTRIX 

NAMELIST/HEJ/AR,AI1HR,B!,RE,IM1T 
CALL UNS T AE 
FI = 4.0DO*DATAN(l.0005 
NR I SK = 57 
NTR rx :: 3? 
NEND = 78 
NR = 5 
NP = 0 
!SY M = 0 
Kl == O. 500 
A = 1.000 
C = -::> .. 1 D:> 
NSEC T = 1 
NOL HH l! = 192 
T HEi Al = P 1 
COH(l) :: THETAl/DFLOATCNDLTH(l!J 
N = NR I SK 
L = NTR IX 
M = l\:END-2 
N 1 :: N- i 
DO 5 K "" 1, 100 

5 F C T ( K ) ~ 0 ,. 0 DO 
re nu = i. ooo 
DO 6 K :::: l, M 1 

6 FCY{K+l) = H'.rtK}*DFLOAT~K) 
fCTCN+l) = O~lDO~*L*FCTIN)*DFLOATCNI 
00 7 K = NrM 

1 F C T (l~ -} 2 ) = F C T( K + l ) *D F L 0 4 f( K + U 
ND = 2*NR 

25 

NR.l :::: NR+l 
DO 150 Ml= l,NRl 
M = Ml-1 
MD ::; M 
IHM.,EQ~O) MD ~ l 
O'J 2 5 ,I ::.: l v N R 
DO 25 I •· 1 d~R 
ARlI.,Ji = O~ ODO 
AHlrJ ~ = O .. l!DO 
BR{I,J~ = 0 .o OD 
8 I Cl 'I J} = o .. ODO 
CONTINUE 
THETA= O.ODO 
DO 90 !SECT "" l ,NSECT 
NTHETA z NDL1H~lS~CTH·l 
GLTH = CDH( !SECT} 
NF IX = l 
DO 89 K ~ l,NTHETh 
IFI K -i l '.H, ·31¥ 32 

31 CONT !NUE 
SRnut. ""DLTfH,-r,.r:wo12z.5n::J 
If{! SECT .,.1:(4 .. U GO TC• 89 



l -

GO TO 41 
32 CONTINUE 

IFCK-NTHET~}34,33,33 
33 CONT rnuE 

SRMUL == 01-iH*7&000/22,.500 
1Ff!SECT-NSECT)40189p89 

34. CONTINUE 
GO TO (35r36,37138>~NFIX 

35 CONTINUE 
SRMUL = DL TH~~32,. OD0/22., 500 
NFIX = 2 

GO TO 39 
36 CONTINUE 

SRMUL = DLTH*12~0D0/22.5DO 
NF IX ::: 3 
GO TO 39 

37 COf'-lT !NUE 
SRMIJL = DlfH:t:J2 .. 0D0/2'.~c;5DO 

en ro ·39 
38 CONTINUE 

SRMUl = DLTH*i~vU00/22.500 
NF i X = 1 

3~ CONT mu E 
40 CONTINUE 

fHEH\ o:: THETAt-DLH~ 

$ T H :: OS HH l HEY A ) 
CTH = OCOS {fHEfA! 
CALL LEGCTHETA,M,NRl,PN) 

41 CONTINUE 
CALL TRCIR(STH,(THrC,A,RvDRI 
KR = Kl*R 
DK R = K l •:~o R ,. '.... · · 
lf(KeEQ.l) GO fO 52 
CALL BN(KR,NRl,X 1 Y} 
B T ·"' D A. S S { K R * K R ~.:( X ( 2 ) * Y ( l ) •· X H } ff Y { 2l ) - L 0 DO l 
er"' DABS c1< R~KR>'.•( XiNR l l *YI NR} R•x< NR Pr-Y! NR u }-!. .. ooo> 
JFlBT-!.O·l0)~8,~8p45 

1+ 5 c o ~'l T l N uE 
PR :urr 4t; 

46 FOlH-1AT{~0 ERROR IN BESSEL Tf:ST 1 i 
PRINT 47, BT,ISEGf,K 

47 FO~MATID25.15,215l 
48 CONT !NUE 

IFCCT-1.D-10J52,52r49 
4:9 CONT! N l!E 

Pi~ INT 50 
50 FOP.Mt1T i~o ERROR rn ~~E'JM.bN TEST*: 

PRINT 51, CT,ISECT,K 
51 HY!rAArtD25 .. 1Sf215} 
52 CfJNT I NUE 

D 0 8 8 I :::: MD~· NP 
DO 8 8 J ,,. MD> NR 

~n = J+l 
i;: IM .. E Qo Ol GD TO 74 

2 



L 

L 

3 

Wl = DFLOAT(I+J•*CTH*PN{Ill*PN{JlJ-DFLOAT(l+M}*PNCil*PNlJl}~DFLOAT 
l ( ,lHO * P N t r l } 4 PN { J} 

l·J2 = KR *i<R *'X( 11 i 
\B ::: \.-H*l-!2 
IFCISYM.NE~2) GO TO 71 
I F LJ -· i ) 7 2 f 71 ., 71 

71 CONiiNUE 
rq { r ? J? = 0 J \ l, J} +SR MU L *~H *Y i.J 1 }/ s r H 

7 2 CD 'J T l.'J UE 
I F \ J - I ) 7 4! 7 '3 7 ·13 

73 CCi'iT ~ NUE 
BROrJ} :;; t3R(! 1 J)+SRMUL*W3*X~J!)/STH 

74 CONTINUE 
!F(ISYM ... GT .. O .. AND.MOD(I+Jt2) .. NE ... 0} GO ro 84 
W4 = KR*{K.R>'.<X{!i-DflOAT!Ii*)\(11}} 
W5 = DFLOAT(IlJ*DKR*STH*XCilJ 

" 

Wl = PN( I1 J>l'PM{Jl )*{H4*\0FLOAHI::<J.)>1'(CHi•'.•*2l+D!.:UJl:\H MH·'l )~· OFLOt,T 

l ( I * .J l ~ W5 * C TH } 
W2"" DF!..01\T{ I~<f .J+Ml ~*PNO li~<?tHJ)tttCfiVr-i-/t+W5) 
~{-) = OFLOAT( t?-tt):~PN{ I) ~:\-tlt*!DFLOAT(J~·M}.;..pf-!(-.Jj-·DFLOAH J}*CTH*NH ,nn 
If\ I SYt·~ .. M;: ., 2 l GO TO 81 
IF( J-1} P2,, El, 81 

St CONT rnuE 

82 

H3 

84 
88 
89 
90 

.A! < I to J ) = A I ( !: , .J) +SR MU L * Hll-H Z-+ W 3 i ~y ( J l ) I ST rl 

CON rINUE 
I F (J - r ) 8 '~ t l3 3 , 8 3 
CONTHlUf.: 

CONTINUE 
c cxr r 1 •. ;u E 
Cu;~ lI NUE 
CCH~ r rn UE 
DO 9 2: ! = 2, N R 
~iF.ND :: I-1 
D 0 0 J. J :: l t JE ND 
flR!-I1J) = BR{J, I) 
MU J.r J > :::: ,'\R ( J ~ I) 
f F ( f SY f·'! .. NE .. 2 > G 0 T G 91 
B!f!,.J)::: l3HJ~IJ 
/J.lUfJi::: AI(J,!} 

91 CONT I r'iU E 
92 CONH NUE 

00 97 I ::: MDtNR 
DO 97 .J ~ MDv N?.. 
Il = H · l 
Jl = J+l 

95 CDN TINUE 
I! 1 .::-: \H ~'.< D S ~:: n ·r ~ F C T( I l ·+1 i ~·' :-:- C f l. J l ·" M ) ll r C: T \ l. 3 HH t.c f C f{ J h ~,,; ) } 

96 C GN T PJUi.: 
.!\. R ~ I r- J l - ~i l ~!'\Rt f .- J} 

A l f i i: J > = l·i 1 r. ;\ r ' r , J } 
3 R { l .- J } "-= [) f-1.J.1 /\.! ! M } :>:W l ~~ D f\. \ r , J i 
FH ( l 1 .n = D I- \.. [! n T t M ) tq.n, * B l ( J: r J t 



L 

L 

L-

L 

I -

DO 13 0 ! :. t , ND 
DO 1 3 0 J = lv NO 
TN { M l, I, J ) == H I, J ) 

130 CONT Ir1.lUE 
I FC M" l{E .. U G !J i 0 1 5 0 
t·li~ ITE~ 6,:~E.J} 

150 CONTINUE 
\iR 1 TE ( 11 ) TN 
PR!NT 161 

161 FO~r-~AT('O fN NOW HOPEFULLY REPLACED INTO DATA SEPt 
STOP 
DEBUG SUBCHK 
END 



l 
l 

L . 

L 
I 

L 

L... 

L... 

c 

5 

Q-D PR;JGRAi'·l 
DIM-ENSlDN NDL HH i:-i 1CDH! (d ,Jl.RR(5?5} ,l\OR!5 ._5; ,AR0{5 ?5) 'l'A00(5,,5 ), 

1 B fUU· 5 r 5 ) r 8 D R { 'j P 5 h 13 R 0 ( 5 ;- 5 ) , .i3 0 0 ( 5 i: 5 } ,, CR R ( 5 ~ 5 ) t C 0 R { 5 11 5 } ., C R Ol 5 , 5 ! 1 

l C 0 0 f 5 ~ 5 } 1 DR R ( 5 , 5 ) 1 [) 0 R ! 5 t> 5 i ~ DR 0 { 5 \' 5 ) • DO 0 i 5 > 5 ) 9 P N { 7l 9 X H 6 } , X 2 ( 6 ) r 
lY1(6),Y2(6)fQ(lO'l'lO~ . 

DOUBLE PRECISION THETA·1CDHt~Lni~SrMULlSTH,C.TH,PN.,DP·~H ,OPNJ,f-CT,Bi, 
l B2 f c 1 ~Cl., p MY 1 .. PMY 2 ~ Gl\ ~ R J Of-~ t N 1 ND-;.-K /\Pp /1.r. AL p H:\y 11\;·B~ cf o, p If rHE TA r ! 

l THE TA C'. ~THE T ~ 3 , THE T ~ tt 'PE 1 F "G 
COMP!. EX* 16 C ! , I( iR, K 2R ~FM Y ~Of( !.R, 0 K 2R ~ ~n, X2-.! Yl, Y2 .,z U , Z2 J, DKR Xl l: 

l DV.fW l r., [)Y,J~Zl i ! o:<.RX2" t DKRY 2J t DKR.l2,J? w J, w 2, 1n, rl4t \f5q rJ6, ~n, W8t ~n, 
lARR,AOR~~RO,AOO,BRR9BQR~BRO,BOO,CRRrCDRtCR01COO,ORR,DOR1DRO,DOD• 
lK 1,. !( 2 9 :~~ FC 

COMMONIFAC/FCT{lOO}fNRISK,NTRIX 
NAMELIST/HEJ/ARR,AOR,ARO,AOO,BRR,BOR,BRo,~dDvCRRtCOR,CRo,coo,oRR, 

lOOR,DRO,DOO!NEJ/Q 
CALL UNSTAE 
P! = 4.,0DO 't.DAT.li.Nil ,.ODO) 
NRISK ~ 57 
NTR IX "-! 39 
NEND - 78 
NR "" 5 
NP = 0 
LAY = l 
PMYl = l .. ODO 
PM Y2 ::: 1. OD 0 
Kl= to .. 75Do~o .. ooo> 
N!ND:: 4 ... 000/5.,000 
1<.A. P PA .,,, O~ OD 0 
c = -o .. rno 
A ='- 1 ... 0 DC. 
NSEC -r · :.-: l 
NDL THf l} -· 192 
THETA1:: Pl 
CDH(l} = THETAl/DFLOAT(NDLTH(lJ} 
N = NR I SK 

J l ::: IHK IX 
M :::. :\END-2 
N l = N-1 
DO 5 K 
FCTli<i 
FCHU 
DO 6 K 

= 
-
--. 
:.:: 

l, f1)C 
0 .. ODO 
l« ODO 
lr N l 

& FCT {K+l) ~ FCTH~ H=DFLOAT(K) 
FCTCN+l) = 041DO**L*fCTCN)*DFLOATIN) 
DO 7 K = N-,M 

7 F C T o.: . ._.. 2 ) "' F C Tt K + l l *D FL 0 t; T t K + U 
FC = fleOOO;O.ODOI 
IF!Ni'.EQ .. U FC ::::-1-C 
C! ""' r.o~ooo~ LODO} 
FMY ~ DCMPLX!PMYlfPMY2,0.000) 
K2 ::;: DC MPL){( Nl ND ~Nil~O*l~APPfd *'Kl 
ND ::; 2';'NR 
NRt = t·~R+l 
NR2 =-c Nx-t·2 
DO 150 Ml - l~NR~ 
M ;:: Ml-1 
MD =• M 
IF ( r,1.,. E Q. 0} MO .:= l 
(}[t 2 S .)· ::.~ l 1 f·~R 



I . 

I ..... 

L 

00 25 I ::::: l t NR 
AR. R ( .I , J t = ( 0 e 0 G Q , 0 • 0 1)0 l 
AOR l I" J} == l O., OD 0; CL. OD 0) 
ARO(I,J) - \OaOOO,D.,000} 
AOO(L,.j) = (O.GD:J,O .. ODO l 
BRRCI,.1) -· (OaODO,O.ODO} 
BOR{I,J) ·- to.ooo~o.ODO} 
BR 0 { ! ~ J ) _ - ( 0 • 0 CO~ 0 4 0 DO } 
BOO ( J, J 1 
CRR(I,.J) 
COR { 1 , J) 

CRO ('ft J } 
COO{ I r·Jl 
ORR{l 1J) 

:: 

:::;: 

-

::: 

. .. 
:;: 

(0 .. 000rO.ODO} 
(O.OD010 ... 0COl 
f O. OD 0 s- 0. OD 0) 

\ 0 .. Crni:l, 0 .. ODO) 
(0 ., U DO , 0 .. 0 DO ) 
{ o. OD o.o .. ODOi 

ooru lf J) - { o .. ODO, o .. ODO) 
DRO { l, J l - to .,Q 00, 0 .ODO , 
oooll1.J> = 10 .. ::mc,0,.0001 

25 CONTINUE 
THETA :::: 0 .. 0 DO 
00 90 !SECT ~ l,NSECT 
NTHE7A = NDLTH(iSECT)+! 
DL TH = COH{ I SECT) 
Nf-IX = l 
DO B~ K = 1,NTHETA 
IF(l<.-1)31,,3lr32 

31 CONTINUE 
SRMUL = DL TH*7 •. 000/22 .. 5DO 
! Ft IS ECT • £.:Q.,. 1} GO fO H9 
GO TO Id. 

32 CONTINUE 
IF{K·-NTHEHd ~4~ 33• 33 

33 CONT JNUE 
SRMUL = DLTH*7mOD0/22.5DO 
If{ I sccr-NSECTl 40~89, 89 

3 4 CONT Ir~U E 
GO TO t35,3o,37,J8l~NF'-X 

35 CONTINUE 
SRMUL ~ DLTH*32.0G0/22~500 
NF IX = 2· 
GO TO 39 

36 CONTINUE 
SRMUL :: OL!!-l·-:Cl2 .. 0D0/2?. ... 500 
NF IX = 3 
GO TO 3q 

37 ·CONT H~UE 
SRMUL = DLTH*32.000/22~5DO 
NFIX ::.: Lt 

GO TO 39 
33 CONT!NUE 

SRMUL ::: DL TH*lf;., OD0/22 .. 500 
N FIX ::: 1 

39 CONTINUE 
40 CONTINUE 

T HET f, = T HEL'\ tDL TH 
s r H "' DS I N n rr·:r A: 
C TH :-:: 0 C 0 $ i TH FT ,A,, ~ 

CALL Li G. I fH ~ T;~ . . , M ~ NR 2 ~ f' N J 



L 

L-

L 

L 

L 

L 

41 cmn INUE 
CALL TRCIRCSTH,CTH,C,A,R,DR~ 

KlR = Kl*DCMPLX(RtD&ODOl 
DKlR = K.l"*DC.MPLXlDR10~CDQ} 
K2Fr ~ K2*DCMFl_X (RpO .. f)DO) 
If { !< .. EQ,, U GD Tll 52 
CALL CBNt!<lR1NRl,Xl,YU 
CALL CBN{K2R,NRlrX2,Y2) 
B l = c D ,'.'\ n s (l<l R \-: K 1 R* en t 2 } *V 1 ( u -x 1 H ? *Y 1 { 2 ) i ~DCM? LX l 1. .. 0 D 0 f 0 • 0) c } ) 
8 2 :.:: C DJ\ B S( K 2R *l< ZR * ( X2 i. 2) * Y2 { U - X2 t U * Y2 €2) J •• DCMPLX f1 .0 DO .o .,Q G)} l 
Cl = CDABSIKln*KlR*(Xl(NRl)*Yl(NR}-XlfNPl*Yl(NRlJr-ocMPLX( 1.ooc,o. 

l ODO) ) 
C2 = CDA8S(K2R•K2R*CX2[NR1J*Y2CNR)-X21NR}*Y2(~Rll~-DCMPLXl1.0D0 1 0. 

10 DO } ) 
IF(Bl.LT~l.D-lOaA~D~ClaLT~l.D-10} GO IO 47 
PRINT 45 

45 FDRMAT(~O ERRCR IN BESSEL-NEUMAN-I TESTt t 
PRINT 461 B!1Cl?ISECT1K 

46 FORMATl2D25~15i215) 
47 CDNTHWE 

IF(B2ct.f.luD-10 ... AND,.C2 .. LT.l.D-10i GU TO 52 
PRINT ,48 

48 Fm~!'i/H(~O ERRDP. IM BE5SEL 0~NEUM.AN~2 Tf:$TY} 
49 FORMATl2D25ol5,2!5) 

PRINT 49-r B?.}C:2 11 ISECT,K 
52 CON.! I NUE 

DO 88 i ~ MD,NH 
pr-_,<.) e.s .! -- MD?NR 
u .. I·H 
Jl = J+ 1 
I-. (_ - f +2 
.J2 = J+2 
DP NI : - W FLOAT \ Il l * CT H'J: P N ( Il } - D FL 0 AT ( r1 -~,i ) •:<PN { 12 ~ i /Sf H 
DPNJ :: -~{ DFLOA n ,jl} *C TH*F'f'.!{ Jl)-DFLOA n JI-M) ,., PN ~ J2} //STH 
l.l I = X l ( Il } +C I *Y H I U 
DKRXlI..:; KlP.:<'Xl (!}-OCMPLX(D'-LOAr<UtO .. OOO)*XU IU 
DK R Y U ::: Kl R ~'{ Y 1 ( I ) - DCM P L X { D rt. OA i { I } .,, 0. 0 DO ) * Y l \ Il ) 
OK R Z l ! = DK I~ X l I +C I *DK R Y 1I 
Z2J = X2{Jl)+Cf.*Y2(Jl' 
D~RX2J = K2R~X2(J)-0CMPLXtDFLDAT{J),Q.OOOl*K2CJ1~ 
OKRY2J = K2R*Y2(JJ-OCMPLXIDFLO~TiJJ,ODOOO)*Y2!jl} 
DKRZ2J = DKRX2J+CI*OKRY2J 
Wl = CC Mf·LX IS IU4U L* S TH*! DPNI= DPN.J +DFLO,llT ( H':<M l x\PN! 11 l *P!~ {JU IS TH~*' 2} 

ltO .. ODO} 
~-JZ = DCMPL.XiSR~1UL~:STH 0;cDFLOf>T! I*IU*PN\.Il}::oPN,h-0 .. 0DOI 
W3 '" DCi'-~PLX(SRYJL*STH;'<QFLOAi {J4'Jl l>;•PNL!i H•OHJ19(L,.)!)C!) 
l'.R.R.( I1hJ~ =/.;RR( I rJ)+K1R*OKRX1I~'X2(JJ;~!H-¥·DKlR*t:l !:l »:~xz tJl )*W2 
f\0 R { I r .i . ) = AU R { ! , J l ·:-1< lK t.'Dt:.. R Z. lI * X 2 \ J 1 ~ ~: ~-J H DK l.R >.~ l U * X2 { Ji. 1 ..;<\>J2 
DR1.U I r ,l} = DRR (I~ J). +Kl i~*'X l (Ill i.':OKRX2J '~'>'f ! +Ql~. lR>l<X J { 11 H'X2f Ji) *liJ 
D 0 R { ! .,. J ' = D c R ( l 1 ,J ) + f( t K * Z l I .(~ i:.n: r: ;(2 .} ~~ ','<! + D ~ 0 if.* J .J. r ,:< ;.: 2 i J l 1 *:\ n 
l F H. AY .. EQ .. 0 i GO. TO .5 3 
;'\ R 0 ( 1. f .n - MW { r f J } ~·JO R *DK R>; 1 ) >~Z 2 J >'.>'\·} J. ·~DK rn '~'/ u I 1 } >:> l?,; *W~ 
AGO\ l s.J} = l\00£ It Jl -+·;<iR*DKfU:. !t.<;'.2 J*iH+;J\1 R>:'fl f.*llJ*d2 
0 R 0 { I , j } :; C ~. 0 ( I " .. : ) '.· K 1 R. ~' X U !. • i ) * D K Ii: l ;?.) Z- i<' ~ D :n l1 ·~ X l \ I l ~ ft. l? J q..13 
DOG[ l r ,l; ::::: DOO;: l: ~Ji ·~-i< 1 H ~::z l I ,;,DKR Z2.,i i;:t,.! t +Dr' 1R i.1. H '°'!: 2~! -".'\<.') 

53 COhiTI ~~UE 
lr(t.iif)EQ_'!iO) GD TO H8 



l 

I -

W4:: DCMPLX(SR.MUL*fDPNr*PN(JlH·PN!Il)*DPNJ) , 0 ... 0DOl 
W5 ;:.:; DCMPLX(SRMULt.(PN\Il )•'.<PNLH ),O .. ODO) 
BRR( I,J} = BR.iH i ,.J)+KlRt.(KlR*XlOli*'X2!JU*W4 
BOR{!vJ): BOR(l1J)+KlR:\<KlRi<lll*X2!Jl}*W't 
~~6 = DKl R* 0:1 { rl J X<D1rnx2 ,J*DCMPLX ( DFLOAT { ! *< H·l) h 0 .OD 0 HDCMI' l X( 

lDFL DAT! J ''H J+ l} ) ~ O .. OD 0} *D KRX lI *X 2 { ,Jl.) ) /Kl R 
CRR( r,J} = CP.f{{ rA,J )+DKRX1H'DKRX2,J*W.!t~-W5>:<t·/6 
H6 = D~<! R* ( Zl !_;: DKR.X2 ,J>:'DCMPLX { DFL CJM (I* ( i + l) )y 0 .. ODO H·DCMPL X! 

1DFLOA1CJ*(J+llt vO.ODOJ~DKRZlI~X2CJljJ/K1R 
COR (I, J ) = · COR ( r 'I J H-DKR Z lI *DKR X2J*W!;v- H5~<W6 
I F ( l A Y .. E G_c 0 } GO TO 8 8 
E\RO{l,J) = BRO{I,J}+KlR"..:K!.R*XltH>*Z2J*W'+ 
BOO (I, J) = 800{ I~ J} +K lR*K !R*l 11 *Z2.J:r.<H4 
W6 = DK1R*(Xl(Il!*DKRZ2J*DCMPLXCDHO,'\T<H~{I+U}r0.,0DOH·DC.MPLX{ 

lOFLOAH ,j''.<{J+U·i tO .. ODC)*:uKR.>(1 r~·i2.J)/i\lH 

.W6 = DK1R*(Zlli.<Di<fU2,l~~DCMPLX~DFLOAT( I*( l+ll l,O.ODOH-DCMPLX{ 
lOFLOAT(J*{J~lJ)~O.OOOJ~DKHZlI*Z2Jl/KlR 

COO( !~,n = COOi I fJH·OKRZ.ll*DiZRZ2...l*\44Hl5*Wb 
:JO CONT mu E 
89 COfH ! NUE 
90 CONTINUE 

OD 9 ff I ::: M D v N R 
DO 98 J ,.., MD?NH. 
J.l = H·l 
Jl :::: J+l 
Gil = OSQRT ( DH.OAf{ ( 2*I + l )>;.q 2* .. H· U) /DFLOA. TC U;I l~J;-:JJ.;) /2., ODO 
If {M} 96r96 ?95 

95 CDN'f JNUE 
GA = G t.H DS Q_R T ( FC n I 1 ~M } ;t):f c T{ J J-M J I ( F c H .t l Hli} >jtf c n .J l + M) ) ) 

96 CONT1 NUE 
W l ~ DCM P L X ( GA t 0,. OD 0} 
ARR{lv.1} = W1*/\R'<(li,J) 
AORtI,Jl = \'Il*AOi\~I~J) 
ORR{I,.J) = Hl*CHf~(I~J} 
D 0 R. C l r J} = Wl * D CJ R i I c .J) 

IF!LAY .. EQ..Ot GO TO 97 

ARO{!,J) = Wl*ARO(!,J} 
AOO{ 1 t~ll. = Hl):rAOO(I rJl 
DR 0 ( I, J ) = W 1*DR0 { I , J) 
OOO(!~ J ) = W l *-OOO { I, J t 

97 CONT l NUE 
I F { M. E Q. 0) G 0 TO 9 8 
Wl = OCMPLXIDFLOAT(M!,O.O~CJ*Wl 
BRRll~J) - \H*BRR{l,J) 
b OR ( I , J) = W l * B OR (I , J} 

CR R i I 1 ~I I :: id l >:<C R R t r ,. .H 
CO R { ! , .) } == \.-H ;:,c 0 R ( !, J } 
IF ( LAY., E Q,. 0 ) : GO T 0 S' 8 
BRO( I, J l - 'ril>:<BRO!;: !! J} 

BOO(J1JI = Wl*BOO(I,JJ 
CROCI~J) = 'rH*C:n.ou~ J) 

c o o < r 1 J > = H 1 ~- c mH t , -J } 
98 CONTINUE 

IFW •. Gr .. 3} l°'U ro 90 

99 COi'Ji iNU E 



L.. 

L.. 

LLW = 2 ·~L~Y*2 

00 120 LL = lvLLAY 
DO 110 I = l ~ N R 
DO l :w J = 1. 't NR 
GO TD (101,1027103,104)1 LL 

iO l CGM T ItHJE 
G.i2'1<I-lr2*J~l>"" ·-f~~iUI1~.l}+n~y;:oRR(I~J) 

Q(2*I-l,2*J) = FC*(Kl*CRRC!,J)/K2+K2*FMY*BRR(! 1 J)/Kl} 
Q.L?*I12*.J--U ::: -FC*~BR:R{l , .J)+FMY*CRR!I,J)} 
Q_(2*Ir 2:.t.J 1 = {K l:..~DRR( &,J }/K2-K2*FMY*ARRi I ,J) /Kl) 
GO TO 110 

102 C ONTf NIJE 
~(2*1-l,2~J-lJ = -AOR(f1JJ+FMY*90R(I,JJ 
Q_i2:0:<I-·11·2*.Jl ;:!' FC*CKl*COR! I;.J }/K2+K2Y.~F-MY*IH1R.{ I,.J)/KU 
Q.{ 2 * I , 2 * J- U = - F C ~ { B 0 R fl t J H· FM Y * C 0 R ( I ,, ,I i } 
CH 2''.<I t 2*J I "' .{ K l*DOR t I, J) /K 2-l<-2*FMY~AGR i I , J) /l<l t 
G!J TD 110 

l.03 CONTINUE 
GU 2 * I ~ 1 ~ 2 ~,: J •· l i = -A R 0 1 I , J l + F MY* fl R !J t I 1 .J l · · 
C£2*I-l 1 2*J > - f-C*(Kl*CRO! isJJ/K2<l·i(2hl=MY>~B .~Ot!.,J~ /Kl) 
Q ( 2 * I r ? ~- J- 1 ) -- --F (:'."; f B P. 0 ( i ~ J ) + FM Y ~· C R 0 { L J ) ~ 

Q(2*It2*JI = IKl*DRO(I ,J3/K2-~2*FNY•ARC!I1J)/Kl) 
GO ro 110 

104 CONTINUE 
Q t 2 * I - J. t 2 * J- l ) :..• - 4 O(.H I , J J + F MY l\< D 0 0 Cl t J l 
Q{2*I-l,2* ... i} = FC*(Kll(:C:QO(ItJl/i<..2+K2*FMY*BODtI.,Ji/K1) 
Q_{2>1:J ,_2it-:J-~ l = -fCl(t( 300 C I~ J} +fMY *COO{ r~ Ji 1 
Q_( 2* l t 2* j) .::: un *- D 00 { I ·t J) i K2- K2 * F!W :{< .~ uo i 1 (t ,f ) I K 1 } 

110 CQNf!flJUf: 
WRITE i6 r t-JcJ} 
GU TO Clll 1 lll 1 112,ll2),LL 

111 corn HJUf: 
t'>IR lT f { 21} Q 
END FI LE 21 
GO TD 120 

112 CONT IN~E 
WRITE{22) Q_ 
Ef'!P FI LE 22 

120 CONT H!UE 
PR. !NT 1rr' Ml 

777 FORrAAT{l1;.} 
150 CDf~ TIN UE. 

PRINT l.99 
199 fOR1'rnTttO Q-MATR!CES NOW HOPEFULLY Pl.l1CED INTO T1\PEt} 

STOP 
DEBUG SU BC HK 
END 



l 

I . 

C Q-T PROGRAM 
D I ME N S HJ !\I QR R t l 01 10 ) , Q 0 fU l Q ~ l 0 l ~ LU 1 0 ) t MM ( 1 0 l , HH & , l O , 1 CJ } 

COMPLEX *16 QRR, Q_OR" TN, P, D 
Cn.LL UNST4E 
NR = 5 
NRl = NR+l 
ND = 2*NR 
DO 30 .Ml = l 1NRl 
READf 21,END = 8) QKR 
GO TO 9 

8 READ{21,END~999) QRR 
') CONT t NU E 

Rt:AD(·21,d.:ND==i.2l QOR 
GD TO 13 

12 PEA0!21,EN0~999} QOR 
13 CONTI Nl.JE 

l F ( foli 1 ~L T • 3 1 G 0 TO 16 
MDl = 2*-Hl-4 
DO 15 I == 1 t MDl 
QO R t I ., I ) = ( 1 .. OD 0 ~ 0. OD 0 I 

15 COl'H INU E 
16 C fJ NT I NU E 

CALL MCNVIQbRfND,D1Ll.,MMJ 
DO n. I "' l,ND 
00 21 .J = l ~ N !) 

P ~ lOe000,05000} 
DO 20 K ~ 1, MD 
? = P-QRR{ I\'K )*QOiUK,J) 

20 CONT I NUE 
TNtM!.,I,,J} :;. p 

21 CONTINUE 
30 CONT I NUE 

WRITE ( 1 u TN 
PP.INT 50 

50 i=ORMATi~O TN NOw HOPEFULLY "'REPLACED IMTO DATASET'} 
999 CONTINUE 

STOP 
OEBU G SU BCHK 
ENO 

• 



c 

L 

... -

Q , T.·· T PR OG RA M 
DI ME \!SI ON Q 1 ( 10~ 10 i, Q 2 ( J. O, l 0) "f Q 3 i 10 d 0} ~ Tf l 0 1 l 0) ; LU lO l , MM ClO l r T N 

1{6,10t10) . 
COMPLEX*l6 Ql,Q2 , Q3?T r PtD9TN 

. CALL UNSTAE 
NR = 5 
NRl = NR+l 
ND = 2*NR 
DO 5 0 M 1 = l. 9 NR 1 
READf21 ~END=8! Ql 
GO 10 9 

8 RE AD ( 2 1, EN D= 9 9 ·? ) Q l 
9 CONT I NUE 

READ ( 21,ENIJ::.:l2} Q2 
GO TO 13 

12 . READi21,END::-,9991 Q2 
13 CONTINUE 

READ(22rEND=l6i Q3 
GO TO 17 

16 REA0{22,END~999t Q3 
17 CONTINUE 

RE1\0{23vEND=20) T 
GO TO 21 · 

20 READi23 9 END=999) T 
21 CONTINUE 

DO 25 J "" t~ND 
DO 25 I :: l ,. ND 
P :::; ( 0 • 0 D 0 "' 0 .. GD C l 
00 z.,; K"" lpNO 
P ~ P+(l3(Itl<~~·TfK,J) 

24 CONTINUE 
Ql{ !,J} ;;:; Q.l ( !.,,) )+? 

25 CUNT I NUE 
READl22fEN0=30l Q3 
GD TO 31 

30 REAO (22 tE:N0"-'999} Q3 
3 1 C Ol'H r N !Jf: 

DO 3 6 J = 1 ~ hlD 
00 36 I ::: lt ND 
P = {OoODOjO~ODO> 
DO 35 K ~ l 1ND 
P = P +Q) ( ! , K ) ·~T< K i J } 

35 CONT I NUE 
Q2 ( I , ,0 == QZ ( I , .J} + P 

36 CONTINUE 
IFCMl .. LT ,, 3) GO TO ltl 

ViO 1 = 2 >)q .a - 4 
DO 40 I :::: l.MD1. 
Q.2 : I , J ) = \ 1 ;> 0 D G 9 0 • O O O } 

'tO CONTINUE 
41 CONTHJUE 

£ALL MCNVCQ2~No~D v LL~MMl 
0 0 (~6 J = 11 ND 
D 0 4 6 I :: l 1 ND 
P = !O..,ODO~O .. O)Ol 
DO 1t5 K ::.: I, NO 
P = P+ Ql ( I t 10 •!< Q2 UC, ,J} 

45 CON TliJ Ut 
T ( I, J ) "" -P 



I -

L.. 

T N ( Ml 1 I ") J ) ::; - P 
46 CONTINUE 
50 CONTINUE 

HRITE!ll) TN 
PRINT 70 

70 FORM.~ TC 1 0 -TN NO \4 HOPEFULLY i'.l.E PLAC!:O INTO DAT AS EP l 
999 CONTINUE 

STOP 
PEBU G SU 8CHK 
END 



c 

l 

TN-T PROGR~M FOR Q,T-T PROGRAM 
DIMENSION TN(6,10 1 10);l(l0,10) 
C 0MPLEX*1 6 T f'<h T 
CALL UN S TAE 
ND ::: 10 
NS = NO/ 2+1 
READtll) TN 
DO 20 M = i, NS 
DO 10 I=-~ 1,NO 
DO· 1 0 J = l , ND 
T(l,J} = TN(M,I,J) 

10 CONTINUE 
WR I TF. { 2 1 ) T 
END FILE 21 

20 CONT INUt 
STOP 
DEBUG SUBCHK 
END 



c 

·[ 

L 

ll, T2-T PROGRAM 
0 I MEN s I 0 N R 1 ( l 0 ? i 0 ) ' R 2 ( J. 0 1'.10 .> ? R 3 { 1 a ' l 0 i ' R 4 { t 0 ~ l 0 } ,. AT 1 ( 1 0 t l 0 } ' Ar 2 { 

110 t 1 0 ) ' 8 T l ( l 0 f 1 0 h B 'f2 ( l 0 ~ l Q l ~ T{ 10 "f 1 0 .! 'f RE T ( l 0? ll)) 'I R. E T T n 0 t l 0 } ~r RA ;·H 
110, l 0} ,-Tl (10 , l 0 } ,T2 {10 r l 0 ) 1' X l ( 1 ! h X 2 { 11 ) t YU l U > Y 2.t 1 l ) , l. L ( l 0 i t M tA; ( 
l LO i f TN ( 6 ~ 1 0 ~ 1 0) 

c 0 M p L Ex l\< 1 6 R l:, R 2' R 3 ·tl~ 4 i A 1 11 A T 2 ~ B T 1, B T 2 • T f RE T t RE TT j! T R Al\! p n~' n. ' T 2 i 

1Wl,W2,W39W4,s,oo 
DOUSLE PRECISION x1,x2~y1,v2.sEPjFCT 
COMMON/FAC/FCTt 100),rJR! S!\,h!TRIX 
NAMELIST/HEJ/T,RET,RETT,TRAN 
CALL UNSTAE 
NR!SK = 57 
NTR!X = 39 
NEND = 78 
ND = 10 
NP = 0 
SEP = 1 .. 5 DO 
N = NRISK 
L ::: N TRI X 
M .: NEND-2 

~,.., Nl = N-1 
DO 5 K =- l 10100 

5 fCT(KI "' 0.000 
f C T i l l = l <- 0 OD 
DO 6 K ::.' 1, Nl 

16 F C T { K ·i- U "" F C H K ; :\• D F L 0 A T ( K ) 
FCT(N:·:J.i:;:: OulDO**i..*FCT<Ni*DFLOATfN) 
DO 7 K = N1M 

7 FCTCK+2} = FCl{K+ll*DFLOAT{K•l} 
NS = ND/2-,_l 
DO 2 00 Ml = l i' NS 
M ::.: Ml-1 
READ{21,END=8) Yi 
GO TO 9 

8 READ(211END~9991 Tl 
9 CONTINUE 

R~A0(22,END=l21 T2 
GO TO 13 

12 READ(22,END=999, T2 
13 CONT WUE 

I F { M- l } 2 0 , 2 0 , ;:: l 
20 CONTINUE 

MD = l 
GO TD 22 

21 CONTI NU!: 
MD :::: 2*M-l 

22 CUNT INUE 
DO 3't ! .::: l , ND 
DO 34 J = 1,ND 
rcr,J>"' co .. ooo,o.oDoi 
T N { MI v I ~ J ) = to .. 0 DO ., 0 • 0 DO ) 
!F!I-j) 30,311'30 

30 CONTINUE 
1H l {1" J l ·- {() .. O GO• 0 .. ODO l 
AT2{.I,J) ~ (0 .. 0DC~O-ODOI 
BTU I, J? :: { O~ CDC, O. ODO} 
B r 2 { I f J i = rn. 0 CD~ 0 ~ 0 00 } 
GO TD 34 

31 C::Jf'-1 TIN UE 



L 

L 

! Ft M-2 )30, 32t 3:< 
32 cmnINUE 

MDl = MD-1 
1 F { M 0 l -j t 3 0 t :.; 3, 3 3 

33 CONT I NU E 
A Tl !J ,h!J = ( L. ODO ,Q., ODO) 
AT2t !hi) ·- t L.ODOt O .. ODOl 
BT l ( I, J } - ( l • 0 DO 11 0 • 0 DO ) 
B T2 { I , J) = ( 1 ,, 0 DO , 0. 0 DO ) 

34 CONTINUE . 
CALL VR!SEP,NP,M,ND,RlyR2,R3,R4~Xl1X2rYl,Y2) 

00 41 I = MD~ND 
DO 41 J = MD ·rND 
Wl = {0.0D0,04000) 
W2 = ( 0 .. 0 DO , 0 '9 0 DO ) 
W3 = {0.000tO"'ODO) 
W4 = \o .. ouo,o .. ocio> 
DO 4 0 I<. - M D, ND 
m - Wl+R:?(I,K)*i2{K,J} 
W2 - W2+R3{1rK>*Tl!K,J) 
W3 = H3+R4(K,It*Tl(K,JJ 
H4 = W4+R4(!~K}*T2{K,J) 

40 CONTINUE 
n l:J} ·· Wi 
RtT ( I,J} ·- W2. 
RETT0 1 J) W3 
TRAN 0 11 J) - ~~'i· 

'+l CONT WUE 
DO 45 ! -- MD1ND 
DO '>5 J ·- MD' r\m 
W l = { 0. OD 0, 0 .. OD CJ l 
W2 = {0 ... 0DOfO"ODO) 
W3 "" ( 0 .. 0 DO, 0 .. 0 DO t 
vJ":- - ( O .. OD (h O., OD 0) 
DO 42 K. = MD, ND 
W 1 = \~ l + T { I 1 i~ l >:! Rf T C i<. , .J ) 
W2 = \.-J2+RET{I9K}*T(K,Ji 
W3 = W3+T( l !K)>:-:Rl{JyK} 
W4 = W4+.RET\I,K)*Rl(K,J) 

42 CotHlNUE 
! F ( I ·-J ) ti 4? 4 3 y '+4 

43 CONT lNUE 
A Tl 0, .J) ··- ( L.O DO ,O .O OD l-~H 
A.T 2 Vi, J} -· C 1 .. ODO, o .. ODO) - ~·J2 
BTl ( I,J) - 11 ... 000,0*0DO l·n-13 
BT2<!,,Ji = o .. ooo,o.oooHw4 
GO TO "~5 

4t~ CONT INU E 
ATllI,J} ·- -W1 
AT2:I~.;; = -W2 
BTU 1tJ) = W3 
BT?. { I .. J i - ¥Ft 

4 5 C 0 t ~ TI i~ Ut 
CALL MCN V' f\ T ;. ?ND tDD 1 LL, MM~ 
CALL MCNV(AT2~N0~8D;LL,MM1 

DO 4 7 I -- MO ,t\ID 
DO 1.~ 7 J .,,.-; MD .1 ND 



L 

I . 

1-J 

I -

I ,__ 

w1 = <0~000,0.000> 
142 = (() .. 0 DO, 0. 0 DO ) 
W3 = ( 0,. 0 D 0 , 0 ,. 0 D 0 } 
iH = € 0 .. OD 0 1 0 .. OJ OJ 
DO 4 6 K "' M D, N D 
\H = \H+RfTT !I,i<.}t.~ATl {}<.,J} 

W2 = W2+TRANtI,KJ*AT2tK,J) 
W 3 : l·J J -t 8 T l{ I , K l *R -4 ( K , J ) 
r.14:..: W4+8f7{l,K}*R4t,1,K i 

46 CONT! f\!UE 
RU I,J) = Wl 
R2 (I, J i = W2 
R3 tI, J} = \13 
RE H I , J } = W4 

47 CONT!NUE 
DO ro l = MD, ND 
DO 70 J = MD, ND 
W l = ( O. OD o, c .. OD 0) 
W2 = (0.000,0oOOO) 
DO 49 K ~ M01ND 
Wl =- ~H + R 1 f I , K i ~t R3 ( ~( , J ) 
W2 = W2+R2C I ,1<.it.rREitK1Jl 

49 CONTINUE 
S = Wl + W2. 

T<IvJl::: S 
TNOH, I,J ~ = S 

·70 CONTI r-JUE 
IF!(M-1).NE.O) GO ro 200 
00 8 l I ,; l r N O 
00 81 .J "" l11ND 
S; (0 .. 0DOrO~ODO) 

-~ OD BO K = MD,ND 
s :: s-o::GNJG (T tK, I} ?*T (!(, J )· 

80 CDNYl HUE 
P,ET{ L·J) = S 
RE!T { I?J} ::: T( I,.n-s 
°fRANtI~J} "" YtI~J)-T(J,I} 

e1 cor~n NUE 
~·iRITE( 6~1-lEJi 

2 0 C CONT IN U E 
WR! TE 0. t} TN 
PR1NT <;8 

9f; FORMAT{'O fN NOH HOPEFULLY REPLACED !NTO D.l\TASEP'f 
999 CONTINUE 

STOP 
DEBUG SUbCHK 
END 



.... 

C TN-T PROGRAM NR 1 FOR Tl,T2-T PROGRAM 
CIMENS ION Tl'>J\ &, 10, 10 ), T ( lOr 10) 
COMPLEX*l6 TN~T 

CALL UN STAE 
NO ::: 10 
NS = ND/2H 
READ{tll TN 
OD 20 M = ,l,NS 
DO 10 I ~. !,NO 
DO 10 J :. l.,ND 
T(I,j) = TN(Md,J} 

10 CONTINUE 
WRITE ( 2 U T 
END FILE 21 

2 0 COf\ff IN U E 
STOP 
DEBUG SUBCHK 
ENO 



L 

L... 

L. 

TN-T PROGRAM NR 2 FOR Tl~T2-T PROGRAM 
DIMENSION 'fN { 6, 101 10 ;, T\ 10, 10~ 
COMPLEX):Cl6 TN,T 
Ct\Ll UNSTAE 
ND :;: 1.0 
NS = ND/2+1 
READtlll rt~ 
DO 20 M ::: J.,tJS 
DO 10 I = li ND 
DO l 0 J = l t t\!O 
T f I , J } . :::: TN f M t I , J i 

10 CONTINUE 
WRITE (21) T 
END FI lE · 21 

20 COi~ T INUE 
STOP 
DEBUG SUBCHK 
END 



l 

L-

L 

L 

L 

L-

L 

I 
I.-

L 

T-·T PROGRt;.M 
DIMENSIOI~ TNC6f 10, lO)i>TC 10,10),Rltl0,10) ,R2(10110) 7 P.3fl0 1 10).,R4 

l {l D tlO) , X 1 ( 111t X 2 t 11 ) r Y 1 ( 11 ) i Y2 ! 11) 
DOUBLE PREClS10N TR,x1~x2"y1,y2,FCT 
CDMPLEX*l6 TN1T,~l,n2,R3,R41P 
COMMON/FAC/FCTflOOJ,NR1SK1NTRIX 
!·{I\ ME LIS I /HE: J/T 
NR I SK = ~7 
NTR IX = 39 
NEND ::;: 78 
ND = 10 
NP = 0 
TR ~' 0 .. 05 DO 
N = NRISK 
l = NTR IX 
M = NEND-·2 
Nl = N~ l 
DO 5 K - 1,100 

5 FC T{ K} :.: 0 9 0 DO 
F C T H ) = 1 ., 0 00 
DO 6 K"" 11Nl 

6 FCT!K+l) = FCTIK1*DFLOATCK) 
FCT{N+li = O.,lDO**L*FCTHJ,*DFLOAT(N) 
DO 7 K = M,M 

7' FCHK+2) = FCHK-\·U*DFLOAT\K+·U 
HEAO(ll) TN 
NS = ND/2 +l 
DO 2 0 M 1 = l "N S 
M <;'! M l-1 
CALL V~tTR,NP,M,NO,Rl,R2 1 R3 1 R4 1 Kl?KlsYl,Y2J 
DO 11 J = l,ND 
DO 11 I = 1, ND 
P = (0 .. 0 DO , 0 • 0 DO ) 
DO 10 K = l~ ND 
P ~ P+lN(Ml,I!KJ*RltJ,K) 

10 CONT 'f NLIE 
R.td! ~J) = P 

11 CONTINUE 
DO 16 J :: I, N 0 
DO 16 I = 1 tf'JO 
P = ( 0$ OD01 O,, 000) 
DO 15 K = l,NO 
p :-;: p + R l ( ! f I( ) * R Lt ( K t J ) 

15 CONTl NUE 
TCI~J) = P 
T N ( r'l l , I , J t = P 

l6 CONTINUE 
~JRl TE ( 6 7 HEJ} 

20 CONT H'lUE 
WRITE02 I TN 
PRINT 70 

70 FORMAT( 9 0 TN NOW HOPEFULLY REPLACED INTO DATASET' I 
STCP 
ors UG S!JP.CHK 



C PS IS PROGRM'i 
DI i•iE N SI ON T N ( 6 '1 l 0 ~ l 0 i -;- 1\P {l 0 It PN t7 ) t'f EXP t 10 ) , PS !R ( 10 } ,, PS If t-l { 1 O}, 

lPS IFH! 10) vXi 7l, Yi 'T} 

DOUBLE PRECISION BHETAiPN,DISTiTHETA,FHI,x,v,FCT,OIFSC,RAD1AMPL, 
1 B HE TAD , F H i D ,. THE T AD , P I , KV 1 i\ M P L 2 , A, B., C, O, f: 

COMPLEX* 16 TN tA P, PSI R, PSI TH, PSI FH-i FE X P 1 QI , Q2 ~Pi 1 ?2:, Rl f Rl, FC 
COMMON/FAC/FCTtlOOJ~NKISK,NTRIX 
NAME LI ST /HE.JI Ql ~Q2, Pl v PZ, Rl, R2 
CALL UN S T6. E 
PI= 4eODO*DATAN{l.ODOJ 
NR IS!~ = 57 
NTRIX = 39 
NEND :: 78 
NP "' l 
tlJPCHAN = l 
ND - 10 
NB :o: 1 
KV = 2.0DO*PI/15.5333300 
B 11 E TA = P I /?. OD 0 
3HETAD = BHETA*l80.0C1 0/PI 
Dl ST = t .. o 00 
1HETA """ PI/2oODO 
THETA~= THETA*lEO~ODO/PI 
FHI ::: 0.000 
FHID == rHI>'.-:180.,000/PI 
N - NRISK 
t ::: NTRIX -
M = NEND-·2 
Nl = N~ l 
OD 5 K ~ 1, 100 

5 F C: T ( K i. •· 0 o 0 DO 
FCHU = l .. ODO 
DO 6 K ::. l ,N l 

6 F C T ( K + l ) ::: F Cl ~ l< ) *D F L 0 A T ( I( ) 
FCTCN+ll = O~lDO**L*FCT{Nl*DFLOATIN) 
DO 7 K = N,M 

7 FCT!f<.+2),,, FCHK+l}"-"'DFLOA.H-K+l} 
NPC ::.: NPCH1~N+l 
G 0 TO { 11 , i 2) , N PC 

11 CONTINUE 
FC = ( l .. ODO~ 0 .• ODO l 
GO TO 13 

12 C 0 ti T IN UE 
FC = (-1..,0DO,O .. ODDi 

13 CONTINUE 
RE AD ( 11) TN 
NS ::: ND/ 2-f-! 
·p1 = w .. 000,0 .. 000> 
P2 = ( O .. ODO ,O .. COO) 
00 2 3 M !. :.:: 11' N S 
H ~ Ml--1 
MD ,:,· 2*M-l 
! F ! [ M~ .2) • l L 0) MD = l 
C~\Ll VKOEF(!JHETA,NP,~,f'JD,APfF'N) 

CALL VPSIIDIST,fHEfA,FHf,NPvN9rMsNDtPS1R,PSITH,~S!FHrPN,X1~) 
DO 2 1 ! ::: r"iCJ , ~iD 
01 = to~ooo~o~oooJ 
00 .20 ~I ::: MD, NC1 
Qt ::: Ql-+ Tf'Ji. Hl , 1 ~ •. n ¥/H~ LH * FC*'* !! +J 1 



l 

L.. 

L... 

20 CONTINUE 
FFXP ( U = 'Q.l 

2i CONT I NUE 
Ql = (Q .. ODOtO .. ODO) 
cz = to.000,0.000> 
DO 2 2 I = MD, ND 
Ql = Ql+PSITHCl'*FEXP(l) 
Q2 = Q2+PSlfH{Il*FEXPfI) 

22 CONT JNUE 
Pl = Pl +Ql 
P 2 - P2+Q2 

R1 = Pl/OCMPLX(KVtD~ODO) 
RZ = P2/DCMPLX{KV10.000) 
rJRI TE( 6,HEJ} 
AMPL2~ COABS(Pll**2+CDABS{P2l**2 
AMPL = OS QRT (AM PLZ} 
fl. = THE TAD 
E = FHI 0 
C ·- AMPL 
D = AMPL2 
E ::: AMPL /KV 
PRINT 40, /'-H B., C: Dr E 

40 FORMATC5D25~15) 
23 CONTINUE 

100 CONTINUE 
300 CONT I t~U E 
999 C GNTI NUE 

STOP 
DEBUG SUBCHK 
FND 



C T TEST PROGR~M 
Di MENSI ON T N ( 6, 1. 0 F l 0 l , T !10, i 0), Rf.T (10, 10 h R HT ( 10 ·~ 10 i, fR AN! 10, 10) 
COMPLEX*l6 TN,T,RET,RETT~TRANtS . 
NAMEL!ST/HEJ/T9RETtRETT,TRAN 
CALL UNSTAE 
r-m = 10 

. READ tlll TN 
NS :-: ND/ 2 +J 
DO 20 M == l,NS 
DO 10 I :: I, ND 
DO 10 J:: l,NO 
H I "' J} = T ~~ { M , I , J) 

10 CON Yl~WE 
OU 12 I :c:: l t N 0 
00 12 J ::: 1 ,ND 
S · :;;; { O. ()D 0 9 O. OD 01 
DO l l K .:: l~ ND 
S::.; S-DCONJG{T(K.,!})*TtKfJ) 

11 CONTINUE 
RET! I,Jj .:: S 
RE TT (! 11 J ~ = T (J , .J ) -S 
TRAN\I.'!'J) ·"" TCI,~H-TlJtll 

12 CONTINUE 
WRITEt6r· HEJ ! 
IF(M~GT.3) GO TO 99 

20 CONTINUE 
99 CONT WUE 

STO? 
DEBUG SUBCHK 
END 



I . 

'-' -

SUBROUTINE BESSELCNORDER!ARGMNT,ANSW?,IERROR} 
DDU3L t PRECISION ARGMN Tr AN SWR, X, SUM ,APR i TOPR ,c 1 ,c NI , 1\CR t f>l~OD t FACT 
!ERROR = 0 
N = NORDER 
X = ARGMNT 
SUM = 1.000 
APR = I. 0 DO 
TOPR = -0.5DO*X*X 
Cl = 1.000 
CNI = OFLOATl2*N+3) 
00 60 I = 1,100 
A-CR= TOPR*AP~/(CI*CNl) 
SU ~1 ::: S UM +AC R 
IF\ DABS { ACRi SUM i-1.0D-20l100, 100,.. 40 

40 APR = ACR 
C I ::: C I + l .. OD 0 
CNI = CNI+2.000 

60 CONTINUE 
!ERROR = 1 
PRINT lD 

10 FORMAT{24HO ERROR !~SUM OF BESSEL} 
GD TO 200 

100 PROD:::: DFLOAH2*N+l> 
FACT =l.000 
IF{Nll609160,120 

120 DO 140 IFCT = l,N 
FACf = FACT*X/PROD 
PROD = PROD-2.000 

140 CONT HWE 
l 6 0 ANS irn = FA c r *Su M 
200 RE TURN 

END 



L... 

L 

L 

SUBROUTINE BNCPCKR,NRINK~BSSLSP,CNEUMN) 
DIMENSION BSSLSP(NRINX),CNEUMNINRINK) 
DOUBLE PRECISION PCKR,ANS W~ tANSA,ANSBtANS[,CONN~CMULN,SNSA,SNSB , 

15 NS C, BS S LS P, CNEUMN 
NR.I!. NKI = NRI NK 
NRANK = NRAUKI-1 
NV AL = NRANK ~l 
DO 40 I = 1,4 
CALL BESSEL(NVAL,PCKR,ANSWR~lERRORJ 
IF(IERROR)20,20,32 

20 ANS .A = ANS l'JR 
NVAL = NVAL+ l 
CALL BESSEL(NV~L,PCKR,ANSWR,IERROR} 
IF<IERRORJ24,24,28 

24 ANSB = ANSWR 
GO TO 60 

28 NVAL = NVA.L-1 
32 NVAL = NVAL+NRANK 
40 CONTINUE 

STOP 
60 IFCNVAL-NRANKtlDO•l00,64 
64 IENO = NVAL-NRANK · 

CONN= DFLOlTt2*1NVAL-l)+lJ 
DO } 2 I P = l , I END . 
ANsc· = CONN*ANSA/PCKR-ANSB 
CONN = CONN-20000 
ANS B ~ ANS·A 
ANSA = ANSC 

· 72 CONTINUE 
100 BSSl.SPtNRANKI) = ANSB 

BSSLSPCNRANKI-1) = ANSA 
CONN= DFLOATCNRANK+NRANK-1) 
IE"" NRANKI-2 
JE = IE 
DO 120 JB = l,JE 
ANSC ~ CCNN*ANSA/PCKR-ANSB 
BSSLSP{IE, = ANSC 
ANSB = ANStl 
AN SA = AN SC 
IE "-' IE-1 
CONN = CONN·-2 .o DO 

120 CONTINUE 
CMULN = 3.0DO 
SNSA = -DCOS (PCKR)/PCKR 
SNSB = -DCOS { PCKRU { PCKR*PCKrt)-DS IN {PC.KR l/PCKR 
CNEUMN{l) = SNSA 
UJ EUMN ( 2 ) = SNS 8 
DO 280 I = 3 fNRANKI 
SN SC = CMULN *SN SB /PC KR-SNSA 
CNEUMN(U = SNSC 
SNSA = SNS B 
S~JSB = SNSC 
CMULN = CMUUJ+2. ODO 

280 COIH INUE 
RETURN 
END 



L 

SUBROUTINE CBESSCNORDER,ARGMNT,ANSWR,IERROR) 
COMPLEX*l6 ARGMNT,ANSWR,XtSUM,APR1TOPR,CI,CNI,ACR,PROD,F~CT 
!ERROR = 0 
N = NORDER 
X = ARGMN'f 
SUH ~ (l.ODO,o.ooo> 
APR !:". { l .. OD 0 , O. OD 0 ' 
T 0 PR ·"' - {O • 5 DO, 0 .. 0 D 0 ) *X *X 
Cl = 11.000,0.oooJ 
CNI = DCMPLXCDFLOATt2*N+3Lt0•000) 
DO 60 I = 1, l 00 
ACR = TOPR*APR/tCI*CNI) 
SUM = SUM1-AC.R 
IFtCDABSCACRiSUHl~l.OD-20)100,100,40 

40 APR = ACR 
CI = Cl+(le000,0.000) 
CNI = CNI·H2 .. 0D0,0 .. 000) 

60 CONTINUE -
!ERROR = l 
PRINT 10 

10 FD RM AT ( ' 0 ERR DR IN SUM 0 F CB E SS t l 
GO TO 200 

lOb PROD = DCMPLXtOFLbAT{2*N+lJ~o~ooo> 
FACT= t 1 .• 000,0 .. cool 
l F CN )160, 160, 120 . 

120 DO 140 IFCT = ltN 
FACT = FACT*X/PROD 
PROD~ PR00~<2~000,o.ooo, 

140 CONTINUE 
160 ANSWR = FACT*SUM 
200 RETIJP-N 

END 



L 
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20 

24 

28 
32 
40 

60 
64 

SUBROUTINE CBNf PCKR,NRINKtBSSLSP1CNEUMNJ 
DIMENSIGN BSSLSP!NRINK),CNEUHNINRINK) 
COMPLEX*16 PCKR,ANSWR,ANSAeANSH1ANSCeCONN,CMULNtSNSA,SNSB,SNSC, 

lf3SSLSP,Cl\1EUMN 
NRP.NK I :.: NR INK 
NRANK = NR fl.NK l-1 
NVAL = NRANK-1 
DO 40 I : 1 11 4 
CALL CBESS{NVAL,PCKR,ANSWRtIERRORJ 
[f(IfRRORJ20,20,32 
AN SA :. AN S WR 
NV .t,L = NV AL + 1 
CALL CBESSCNVAL,PCKR~ANSWR,IERROR~ 
1FiIERROR)24,24,28 
.liNSB ::: ANSWR 
GG TO 60 
NVJ.\l = NVAL-1 
NVAL = NVAL+NRANK 
CONT !NUE 
STOP 
IF{NVAL-NRANKll00,100,64 
IEND ; NVAL-NRANK 
CONN= DCMPLXtDFLOAT(2*(NVAL-lJ+lJ,O.ODOJ 
DO 72 IP= l,IEND 
ANSC = CONN*ANSA/PCKR-ANSB 
CONN= CONN-{2.0D0,0.000} 
ANSB = ANSA 
A!\ISA = f>.NSC 

7 2 COi-H INU E 
l 00 SSS LS P ! NRAl1~!~. I) ::: M~S B 

BSSLSPINRANKl-1) = ANSA 
CONN= DCMP(XCDFLOATINRANK+MRANK-1),0.0DO> 
!E = NRANK I-2 
JE =~ I E 
00 120 JG ::;; 1,JE 
ANSC = cm~N*J\NSA/PCKR-ANSB 
BSSLSP<IE) ~ ANSC 
ANSB = ANSA 
ANSA = ANSC 
I E = I E-1 
CONN : CCNN-!2aODO,O.OD0) 

1.20 CONTINUE' 
CMULN = (3"0DO,,O .. ODO) 
SNSA : -CDCOSCPCKR}/PCKR 
SNS~ = -CDCDSf PCKRl/IPCKR*PCKRl-COSINCPCKR)/PCKR 
CNEUMN(l l = SNSA 
CNEUMN {2) ~ SNS B 
DO 280 I = J,NRANKI 

·sNSC = CMULN~"SNSB/PCKR-SNS.\ 
CNEUMN(I) = SNSC 
SNS/\ :.:: SNSB 
SNSB = SNSC 
CMULN = CMULN+t2~000~0.ooo) 

280 CONTINUE 
RETURN 
ENO 



L 

L 
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SUBROUTINE LEG!THETA,K,NRJNK,PNMLLG.> 
DIMENSION PNMLLG!NRJNK} 
DOUGLE PRECISION THETA,PLAt1PLBrPLC;OTrfl"1,CNM1CNIV.M'!'CNMUL,PRODM, 

l CU li.NM'I' PNM1.. LG 
NRA N Ki = NR.J Ni<. 
KMV = M 
DTWM ~ OFLOAT(2*M+l} 
IF( THETA) 16,t+,16 

4 lF(KMV)12,12t6 
6 DO 8 ILG = ltNRJ\NKI 

PNMLLG(ILG) = O .. ODO 
8 CONTINUE 

GO TO 88 
12 PNMLLG U) = L.,Q 00 

PU\ "" 1 .. ODO 
GO TD 48 

16 I F i K MV ) 2 0 ., 2 0 , 40 
20 PLA = l .. ODO 

PLB = DCOS(THETAJ*PLA 
PNMLLG\l)"' PLA 
PNMLLG (2 > - PLB 
I BEG :.; 3 
GD TO 60 

4 0 0 0 4 It Il G = l ' KM v 
PNMLLGtl LG) ::: O.oODO 

44- CONTINUE 
PRODM ~ l mODO 
QUANM = DFLGAT{KMVI 
DO 52 IFCT = l~KMV 
Q.UANM = QUANM+ 1 .. ODO 
PH DOM :: Q.U AN11A*f>RODM/ 2 .,Q DO 

52 CONTINUE 
PLA ~ PRODM*DSIN(THETA)**KMV 
PNMLLG(KMV+l) = PLA 

4 8 P l S .::: D T WM* DC OS {THE T A } * P L A 
PNMLLG(KMV+2J = PLB 
IBEG ~ KMV+3 

60 CNMUL = DFLOATCIBEG+IBEG-3) 
CNM = 2 .. ODO 
CNMM = DTWM 
DO 80 ILGR = IBEG,NRANK I 
PLC = CCNMUL*DCOS(THETAl*PLB-CNMM*PLAJ/CNM 
PNMLLG{ILGR) =PLC 
PLA = PLB 
PLB = PLC 
CNMUL = CNMUL+2e000 
CNM -= CNM+ 1., ODO 
CNMM ~ CNMM+l.ODO 

80 CONTINUE 
88 RETURN 

END 
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FUNCTION TRIXJ(Jl,J2,J,M~FCT,N,L} 
IMP L IC I T REA l ~- 8 { A -H ~ 0- l } 
DIM ENS ION FC T .( 1 ) 
INTEGER Z,ZMIN.ZMAX 
Yz= 1. OD 0 
CC:::O.ODO 
,JSUM==,Jl +J;~ +J 
JMl = Jt- I.D.u s < r·n 
JM2=J2-IABS{M) 
1 F ( ( MOD l J SUM , 2 } .. N E .. 0 ) ., 0 R • t M 0 D l .J M 15 2 } .. NE .. 0} .. 0 R .. t M 0 D { JM 2 , 2 > ,. NE .. 0 ) 

l "' 0 R. { J Ml .. L l • 0 } .. 0 R • { J M2 .. l T .. 0 ) } 
2GO TO 3 

If ( { J .. GT .. J 1-:· J 2 ) .. 0 R .. ( J .. L T. I A B St J 1-.; 2 } } .I G O TO l 
ZMI N=O 
lFlJ-J2i·M .. LL.0) ZMIN"'~J+J2··M 

IF(J-Jl+M+ZMIN~LT~Ol ZMIN=-J+Jl-M 
ZMAX =Jl +J2-J 
IF{ J2-M-Zi"1AX~ lT.Ol ZMAX-=.J2-M · 
lF{Jl-M-lMAX.l.T.Ol ZMAX=Jl-·M 
J A= { J l +M )/ 2 + l 
JB=JA-M 
.. lC=t.J2·-M) /2+1 
J D=J C+M 
JE::::J/2+1 
JF:::( Jl+J2-J) /2+1 
JG=JA+JB-JF 
JH=JC+JD-JF 
J ,J =2 •l< JE *- JF ~ l 
IF{JJ.GT.N) Y=O«lDO**L 
ff ( FCT { J J > }7, 5, 7 

7 CONTINUE . 
!A:::ZMIN/2 
I3=J F-lA+i. 
IC::c=,J6-1A+l 
1D=JC-~lA+1 

IE=J/\-Jf+J.A 
IF==JD-J F+IA 
FASE::::l .,ODO 
IF!MO!Hlt·.,2}.,f.Q..O) F/\Sf:=--FJl..SE 
Z=ZM IM 

2 IA=IA+l 
IB=IB-1 
IC=IC-1 
ID= I D-1 . 
lE=!E+l 
IF=IF+l 
FASE=~FA.SE 

CC=CC+FASE/ (Fer {IA} *FCT tI B) 3l<FCT {IC) *FCT{ ID) *FC T( IE) •:<:FC T{ IF) l 
Z.=-Z+2 
IFCZ~LE~ZMAX} GO TO 2 
FASE=-:-DS £GN( 1.000,cc) 
JFIMOD{Jl-J2~4J~EQ~OJ FASE=-FASE 
CC=FA SE*DSQR TtY*FC·T{ ,JS H;FC T (JC l *FCT < jfl *CC*FCT {JA l *FCT-(J D t *FCT tJ E} 

l*CC*FCT (J F) *-FCT (JG I *FCT{ JH i /FC T{ JJ)) 

1 TRIXJ=CC 
RE 1 URN 

3 PP INT 4 
4 FORMAT( 1 0 ERROR IN ARGUMENT OF TRIXJ') 

CALL EXIT 
S PRINT 6 
6 FOR.MAT { ~ 0 En \<JJ1?. FACTOR I AL s E xc EEDED ! N TRf x...1~) 

CALL EX H 
ENC: 
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SUBROUT l N~ VP St (RAD, THE T~ r FHI i NP, ND 1 M ~ND, PS! R ~PSI TH, PS I FH, PN,U, VI 
D H1E NS I 01'! PS I R ( 1 ) , PS In:! .l. it PS IF H \ l lr f' N. ( 1 ~ 1 U( l} , Vt U 
DOUBLE PRECiS!DN R/\D,R,THnAtfsFHI,f.PN"'U,V,FCT,f~?FR1,FR2,B,c 
CDMPLEX*l6 fC?FCl1FC2,PSJRfPSITH,PSIFH 
COMMON/FAC/FCT{l00)9NRISK,NTRIX 
R ::.: RAD 
T = THETA 
F = FI-II 
NPI. ::: NP+l 
K = M 
M = ND 
l = N/ 2 
Ll = l +l 
l2 = L+2 
FC = (QoODOr L.000) 
lF(NB.EQ.l) GC TO 5 
CALL BN<RtLl .u,vi 
B = Ot,BSiR*R*~Ul2l*V(ll-UCU~V\2)}··1.0D0} 
C = DABS CR *R *{ U { L 1) *V ( L )-U ( l) *V t L l} ) - J.., OD 0) 
PRINT 3 

3 FORMAT( '0 BESSEL- tJEUf·iAN- rr:sr FOR vrsr~) 
PRINT 4, s~c 

4 Hi RM AT ( 2 02 5 .. l 5 ) 
5 CONTINUE 

CALL LEGCT1KwL2.PN! 
DO 42 l = l 11 L 
Il ::.': It-1 . 
12 = 1+2 
iF { I - ·K ) 6 , 7 ? 7 

6 f-R = 0 .. 000 
GO TO 10 

7 !F(K )8 7 e, 9 
8 FR·= DSQRT <DFLOATl2*I+i l/{OFLOArf f*ii.)~=16-0DO:t.Jt-,TAM( l .. DDOH) 

GO TO 10 
9 FR : DSQRT (!JFU.l AT { 2*1 + u *FC_ T(.I 1-K) I CDF LOA T{ H~11 j *FG Tin i·K) *8~ lW.O•r 

l n AT AN \ l • 0 00 ) ) l 
l 0 CONTI t.JUE 

IF\t)l6,l6,19 
16 CONT INLI E 

l F ( K-1 ) l 8 , 1 7 ~ 18 
17 CONTINUE 

FRl : OSQRT( Df-L()AT( 2*I+U/( 32.,0DO*DdT:\N( L onm 11 
fR2 = DSQRT(OFLOATC2*I+ll/!32 .. 0DO*DAT1~N( L.-ODOiil 
GO TO 20 

18 CONTINUE 
FRl = O.ODO 
FR2 = Q,. ODO 
GO TO 20 

19 CONT WUE 
FRl = FR*PN!ll}*OFLOAT(Kl/DSlNfTl 
FR 2 ::: - f R 'i:( 0 F: l OA T( l i _H= DC 0 S ( T} * P tH Il } ·~ 0 F t' JA r { 11 ·• tU ~ P N { r;~ i ~ I D S l N lT ) 

20 CONTINUE 
GO TO i30,3lr.321sNB 

30 CONTINUE 
FC 1 =-: \ -f Cl *'lei 1 
fCZ = {-FC)*'-'c! 
GO TO 33 

31 CONTINUE 
FCl = OCMPLX(U{Il)~0.000) 



L 

L 

FC2 = DCMPU((U{l}-DFi.OATtIPU(Il i/R?O .. ODOl 
GO TO 33 

32 CONTINUE 
f-Cl ·:: DCMPl..X { U t !l ) ~ V \ Il U 
FC 2 e: oc M p L x t Ut I r-D F LOA H r } \'<.LI ( I l ) /Rf v t n-: OF LOA T { I ) * v { 11 } / R ) 

33 . CONT INU F 
PS I R ( 2 * 1 -1 ) . = { 0 .. 0 DO ~ 0 o 0 DO l 
IF t NB-1> 3 4" 3 4, 3 5 

3'• CONT HWE 
PS IfU 2 ,.i<I } = to., O 00 r 0 .. 0 DO ) 

35 CONTINUE 

GO TO t 3 6 t 3 9 } TM p 1 
36 CONT JNUE 

I f {N B- l ) 3 8 r 3 8 • 3 7 
37 CONTINUE 

PS IR (2*1) ::-. fCl *DCMPLX{ DFLCA T( I *I 1) *:F R:.'.~PNO U *D SirH DF LO:'.\ Tt K) *F) /R r 
10.0DO} 

38 CONTINUE 
PSITH(2*I-}} :: -FCl*DCMPLX(FRl*DSaHDFLOAT{K)~'r} ,\J ... 000) 
PS IT H ( 2 * r } = F c 2 * DCM p L x: {FR. 2 * DS IN ( D F L Cl:.-. n J( } :>.'<f ) ' 0 .. 0D t) } 
p s IF- H { 2* I -11 . ~ - F c 1*0 c M p LX ( F R2 * D cos i f) ri tJA r { K )>i- F i '0 .. 0 DO ) 
PS iFH( 2~~1 J = FC2*DCMPLX( FRl*DCOS!OFL.Otd( K) *F) ,O.,ODOl 
GO TO 4-2 

39 CONTINUE 
If(NS-1)41!41,40 

40 COtH H~UE 
PS[Rl2*I» = FCl*DCMPLX{DFLOAT CI*Ill*FR*PNCilJ*DCOS!DFLOATIK:~F}/R~ 

10~ OD 0} 
'd CONTINUE 

PSITHC2*I-l) = FCl*DCMPLX(fRl*OCOS{DFLOAT~KJ~F),O.CDO} 
PSITHt2*I) ::: FCZ*DCMPLX(FR2*DCOS(OFLO!H~K)*F),O .. ODO) 
PSIFH( 2*I-U = -FCl*DCMPLX(FR2*0SHHDfLO~TCIO*Fi tO.ODC•) 
PSIFH(2*Ii = -FC2*DC~PLX(FRl*DSIN!DFLOAT(K)*f)~O.ODO) 

42 C CNTI NU!: 
RETURN 
END 



I 

L 
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SUBROUTINE VKOEFIBHETA1NPjM,ND~AP,PN) 
DIMENSION PN( U,.O;P{ U 
DOUBLE PRECISlON 3HETAtU,Ol,PNtFRrFCT 
COMPLEX*l6 FCl,FC2~AP 
COMMON/FAC/FCT( lOOJiNRISKjNTRlX 
N .: NP 
Nl = N-i·l 
K ::: M 
L = ND./ 2 
L2 = L+2 
U = i3HETA 
DI = OATANt 1.0001 
FCl =: <OoODO,l .. ODOl 
CALL LEG{UvKfLZpPN) 
IFtU)lO,l.0920 

10 DfJ l 0 0 I ~' l ? L 
!F{K-lHl.,12,U 

11 APl2*l-U :o.:: ~O~OD0.,0 .. 000) 
APtzitn = <0 .. 000.0 .. 000~ 
GO TO 100 

/( 

12 FR = DSQRH8oODO*Dl*DFLOl\T(2*!+1 )) 
FC2:::: OC~1PLXCFR,O .. Ou0) 
GO TO 03il4)~Nl 

13 AP(Z*l-ll = ~-{FCl**U*FC2 
AP~2*I) = -{FCl**O+U}*FC2 
Go ro 100 

14 APl2*I-l) ~ (FCl*~IJ*FC2 
APt2*IJ ~ (FC1**CI+3}l*FC2 

100 CONT iNU E 
GO TO 300 

20 DO 200 l ~ lt>l 
ll::::: !<'rl 
12 ::,;; I +2 

·ff {K)2! ,.21 ~30 
21 FR = 4. on OtO SQR n ff) I *DF LOA T ( ( 2* I+ l} * n +l})) i OFL OAT ( l) } * ( DCOS w} "''i: 

l PN ( I l )-P N ( I 2 > U D SIN ( lJ l 
fC2 :.--~ OCMPLX 1Ffh0 .,ODO i 
GO TO { 22,23i ~Nl 

22 ,~P{2*I.-U = (fCl**I}*FC2 
A P ( 2 * I ) = W ., O DO , 0 .. 0 DO J 
GO TU 200 

23 AP i 2*1-U = t O .. ODO, O .. ODO) 
AP(2*I) .= ( FCl**( I+l) )*FC2 
GO TO 200 

30 IFCI-KJ34,31,31 
31 FR= 4.0DO*DSQRT{(2.CDO*D!*DFLOATt2*I+ll*FCnI-K+l))/{DfLOf.T<I*(I 

l+ll )*F!:T{l+K.,l} )) 
FC2 = OCM?LXttFR*lDFLOAIC!+l)*DCOS<U:•PN{!l~-DFLOAT!I~K~l )*PNC 12} 
l)!/DSINIU>,O~ODO) 
-F-C'3'>"' DCMPL.X { fDFLOAT CK }::<FR~:pfll( 11) )/DS HHV )~ O,,.ODO) 

GO TO {32,33) ~, ra 

3 2 A P ( 2 ;,, I -1 } = ( FC l * * 1 } * F C. 2 
AP(Z*IJ '"' -nCl**(I·t-11i*FC3 
GO TO 200 

33 AP< 2*I-U :: {FC l**0~'FC3 
A P ! 2 * I } = ! F C ! * * ( I 1· 1 l ) '"< F C 2 
GO TO 2 00 

3't AP<2>:-I-i> = co~ooo,o .. ooo) 
AP\2*U ::; rn.oDo ,.o.oDO} 

2 00 CONTHJU!: 
300 RETURi~ 

END 



L 
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SUBROUTINE VR(ARtNP~M,~D,Rt,R2,R31R4,Xl,X2,Yl,Y~) 
DIM EN s Im~ Ru ND., l) t R2 t ND' l' , R3 {ND ,1) , R4 {ND, l } 'Xl n ,. X2 n ) v y l ( l ) t y 2 

uu 
DOUBLE PRECISION AR,u,v,F3Jl,F3J2.F3J3,FACTlvFACT2,FACT3,FACT4T 
1fACT5,FACT6,FACT7,FACTB,FACT9,FACTlO,ACRl,ACR2~AcR3,ACR47Xl,x? . 
1Yl1Y2,Bl,B2,CNl,CN2,FCT 

COMPLEX*l6 Rl,R2,R3,R41WlrW2vW3,W4,W5~W6,W7~we 
COMMON/FAC/FCTClOOJ ,NRISK,NTR1X 
NPl::: NP+l 
N = M 
NK = ND+l 
U = .. AR 
V = Q., 5DO*AR 
CALL BN!U,NK,Xl,Yl} 
CALL BNCV,NK,X2,Y2J 
L l = NK · 
L ~ NK-1 
81 =DABS {U~*2*1XlC2>*Y!{l)-Xl(l)*Yl{2:J-l~ODO) 
82 = DABS!V~*2*lX2(2!*Y2(l)-X2(l}*Y2(2ll-l~ooo) 
tNl ~ DABS(U**2*1Xl(Lll*Yl!L)-XliLJ*Yl{Ll~J-l~OOOt 
CN2 = DABS lV **2 * (Xi~ ( L ll >:•Y 2 H.' )-X2{ L l >:•Y2t LU )--1. 00 0} 
PRINT 89 

89 FORMAT( •o BESSEL- hffUMAN- TEST FOR VR' 1 
PRINT 90v 81d~rn~B2?CN2 

90 fORMAT14D25.15} 
DO 7 I = l ~L 
DO 7 ~' = 1, L 
Rl n ,J> = rn.000,0,,000 > 
R2(I,J) = (0 .. 0DOt0 .. 000} 
R3 r r, J 1 = co .... ooo~ o .. c:Jo > 

Rtt ( I ~ J > = (0 • 0 DO, 0., 0 00 ) 
7 C fJNTl NUE 

NR ::-: L /Z 
DO 2 0 0 I :: 1 , N R 
DO 200 ,J = l 1NR 
lf(N~I )8, 8t200 

8 IF<N-Jl9119,200 
9 Ll --- I+J+l 

h'l - ( O. ODO, O .. ODO} 
W2 = {OvODO,O~ODOJ 
W3 - ( 0 ... C> DO -: 0 ., 0 DO ) 
W4 = to~oDn,o~ooot 
W S = t 0 °' OD 0 t 0 .. OD 0 J 
W6 = to.ooo~o~ooo> 
W7 = {Q.OD0,0.000) 
W8 = { 0 .. 0 D 0 , 0 • 0 0 0 1 
DO 1 CO l "" 1, L l 
K ""' L-1 
IF(K-IA~S(I-J)~loo,10,10 

10 CONTINUE 
! F \N ) l lt 11 l' 12 

1 i I F ( MOD ( t t .,. J + K } , 2 J .. NE. 0 i GO T 0 l 0 0 
FACTl = l.,ODO -
GO TO 13 

12 f.l\CH ~. DFLOU~\,-l)*>:cN} 

13 .. H = I!* I 
J2. = 2*J 
JJ = z:~K 

Ml -· 2*N 



L 

'-' 

1....1 

F 3Jl =: TRI >:,J{,Jl .,J2tJ3rMl ,FCT ,NR!SK~NTRIX) 
f4CT2 = 0.5DC*DFLOATt2*K+l>*F3Jl* 

1 DS QRT { Df L n AT { !L >'.': I + i ) }~ ( 2 *J + 1 ) ) I[) FL a AT( r *C r + l l *J :\<( J + u } ) 
FACT3 = fACTl*FAC12 
IF<MOD( (J-I+K J, 2}.NE.O} GO TO 27 
!FIJ-!+Kl25,.23,24 

23 FAC T4 : l., OOO 
GD TO 26 

24 FACT4 = DFLOAT{{··ll**!\J-I+l<)/2)) 
GO TO 26 

25 FACT4 = DFLOAT({-ll**t<I-J-K)/2)) 

"26 J l = 2. * i 
J2 -· 2* J 
J 3 ·~ 2*!<. 
Ml = 0 
f-3JZ = fRD'.J{Jl,J2,J3,MlrFChNRISK,NTRIX) 
FACT5 : DFLOATiI~tr+lHJ*(J{-1 l-:<*(K+l }H'-F3JZ 
GO TO 28 

27 FACf 6 ::: O .O 00 
GO TO 29 

28 FAC T6 = F.~C TL1*ffs.C T5 
29 If ( K..,. I ABS { l-·J ) ·-· 1 ) 44, 30 I 30 
30 rF<MODi(J-I+·K+l }t'2}.NE .. 0) GO ro 44 

IF(J-I+K+l}33,31~32 

31 F ACT7 = l., OOO 
GO TO id 

32 FACT7 = DFLOAT({-lf•*(;J-I+K+l!/2)) 
GO TO 41 

33 F.~cr7:...: DFL0,4T~{-1H-~):{(J-,i-K·-U/2}) 

t:·t Jl ~ Z*I 

42 

t,3 

44 

'!5 
50 

51 

52 
53 

J 2 ~ 2*J 
J3 .,., 2'*{K-1) 
f>il = 0 
F3J3 :: TRIXJ(Jl ,J2,J39Ml,fCT,NP.ISK,l~TRJ){) 
I F ( rn 8 s ! I - ,1 ~ 1 't 2 , 4 2 ~ 4 3 · 
FACTO= DFLOATtK)*DSQRTCOFLOATCfI+J+l,**2-K*•2ll*F3J3 
GO TO 45 
F Ac r 8 .:: D SQ R 1 { D F LOA T ( { K * >'.< 2 - I A 8 s { ! - J} * * 2 l * ( ( I + j + l ~ * *?. - K l,n):z } ) H' f 3 j 3 
GO TO 45 
FACT 9 ::.: 0 ~ 0 DO 
GO TO 50 
FACT9 == FAC T1*FAC T8 
CONTINUE 
If (K)51,51,52 
FA C T l 0 = l ., IJD 0 
GO TO 53 
FACTlO = DFLU1-'lrf.{-l)>:<::lrl(j 
J\C K 1 = 'F AC T3~· f AC T6 
ACR2::: FACTlO>:•t'\CRl 
ACR3 ~ FACT3*FACT9 
ACR4 = FACTlO*~CR3 
Kl - K+l 
Wl - Wl+D,MPLXIACRl*XlCKl},O~OOO) 

'.•!2 ·- \.J.2: + DC f ~ P L X ( .~ C R l * X 1 L< 1 ) , t C fU :<.:y 1 li< l > ) 

W3 = W3+DCMF'LXtACR2*Xl(Kl) ,/1Cf<2~'Yl(!<11f 
W4 - IJ·~-·:~.'CMPLX(ACR t>::X~((~ ~.),0,.000) 

lF{f41100\<l00,99 



l I 

L 

L.. 

99 CONTINUE 
W'.5 -· \~1:>+DCMPLX(ACR3*XUKU,O .. ODC) 
W6 = W6+DCM?LXl~CR3*XllKlP1ACR3*Yl(Kl)) 
W7 = W7+DCMPLXlACR4*Xl(Kl),ACR4*YliKl)) 
W8 ::: W8+DCMPL XU.CR 3*X2{ KU 1' O .. ODO) 

100 CONTINUE 
Rll2*I-L,2*J-l) = Wl 
R2(2*I-l,2*J-U = W2 
R3 ( 2 * ! -1, 2 *J -1 } :: W 3 
R4l2•I-l t2*J-ll = W4 
R l { 2* I i ?.\c ._I) = i·ll 
R2t2*I• 2*J) = W2 
R3l2*Ir2*J) = W3 
R4( 2*! t2*J~ -:: W4 
GO TO (101,103},NPl 

101 CONT I NUE 
1F(N)200,200fl02 

102 CONTINUE 
Rl { 2. *I -1 , 2 *J } = W5 
R2 t2~:< I-l ~:~>'.•J) = Wb 
R3( 2*I-J.,2::c.t) - W7 
Rtt {2 *I~l, 2"-'J \ - W8 .. 
Rt I. 2 :i:q 7 2 * J-1 > :: -W5 
R2' 2*I ,2*J-i l = ~~ ~-16 

R3 ( 2 *I r 2 *j -1 j ;::: ~w1 

R 4- { 2 * I s 2 * .J-1 ) :::: -we 
GO TO 200 

103 CONT INU E 
IF~NJZOD,200,lO~ 

104 CONTINUE 
RH2*I-l,2*J} •.. -t-15 
R2 ( 2 * I-1, 2 *-.' } ::: •r\46 
R3{2,,.·l-l ,z;tJ) :: -W7 
R4C2*I-1,2*J) "" -wa 
Rl {2*I,2*J-l} = ~-J 5 
R2'2~=!,Z*J-li == l-l6 
R 3 { 2 * ! , 2 *~i-1 ) ::: W7 
R4 ( 2 * ! , 2 *J ~ l ) 

_, 
W8 

200 CONT! MUE. 
RE TURN 
END 



L 
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S!J8ROUT I NE MON t A~ N, o~ Lt M) 
D I ME N SI 0 N A \1 i , L( 1 } , M {1. ) 

CDMPLEX*l6 A,D,BIGA,HOLD 
o = n.000,0 .. 000> 
N:~:::-N 

DO ao K=l ;N 
NK::::NK +N 
UK>=K 
M{K)=K 
l<K=NK +lZ 
B IGA=AU<.iO 
DO 20 J=K,N 
Il=N >:'( J-l) 
DO 20 I=K, N 
IJ~IZ+I 

10 IFtCDl\BSCBIGA>-CCABS{A{lJ~}} 15,20~20 

l 5 B ! Gi-\"'"' A { IJ ) 
UKJ =I 
M(K)=J 

20 CONTINUE 
J=U K i 
IF(J-K~ 3.5,35,25 

25 K l=K ··N 
DO 30 1=1, N 
Kl ::f<J ~N 
HOLD==-At Kl) 
J I=K !-·I~ -t-J · 
AIKI !=AU!) 

30 AtJl} =HOLD 
35 I=-=M(K} 

I F ( I - 10 4 5 ., <; ~i 11 3 8 
38 JP ==Nt.-: {I - U 

DO L~Q J:.:; 1,N 
JK=NK+J 
Jl=JP+J 
HOLD=·-/\ ( JK l 
tdJK }=,"(JI} 

ti-0 A (JI} =HOLD 
45 IFCCDABSIBIGA)) 48,46148 
46 D = {0.0D0,0$0DO) 

Rt TU RN 
48 DO 55 I=-"ltN 

If ( I -K} 50r 55r 50 
50 IK=Nf\+I 

A(IKl=A(lKl/(-BIGA) 
55 CONTJ NUE 

OD 65 != 1. N 
IK=NK+! 
HOLD=.6.{ JK) 
IJ= t-N 
DO 6:l J=l,N 
IJ=IJ+N 
IF { I--K} 60, 65, 60 

60 IFIJ-K) 62~65,62 
62 KJ::-.IJ·~H·K 

A ( I.J l=HOLD*t';: KJ) +td I J} 
6 5 C 0 NT I NU E 

1\J=K-N 
DO 75 J= 1, N 



L... 

L. 

KJ::l(J -irN 
I F € J-1< i 7 0 , 7 5 1 1 O 

70 ACKJl=A(KJJ/~IGA 
15 CONTINUE 

D-::-:D*B i GA 
At Ki<I =-. ( 1., O.DOrOG ODO} /BIGA 

~O CONTINUE 
!'(:;N 

l 00 K=( K-.1) 
If!K} iS0,1501105 

105 I=U I< t 

IFII-K) 120tl20,10B 
108 JQ=N *( K-U 

JR=N*CI~l} 

D0110J~l,N 

.JK=JQ +J 
HDL D= :.\( JK} 
JI=JR+J 
A\ JK) =~-td JI) 

11.0 JU J I l = HOL 0 
120 J=M{K~ 

IFiJ-K} lOOvl00,.125 
125 K l:::K-N 

00 130 I:::l~N 
KI=K!+N 
HOLD=-~A (I\ I) 
Jl~KI-K+J 
A 1 K [ } =- A { J I 1 

130 /dJI} =HOLD 
GO TO 100 

150 RETURN 
END 

gc 
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SUBROUTINE CDND(M,ND,RE~IMl 
DIMENSION RE\ND; 1 }, rnrno~ 1) 

DOUBLE PRECISION REv IM, SCALE 
MD :.: 1 
I r- (M G GT .. 1) M D = 2 *j\1- l 
MDI = MO-t· 1 
NBGR = ND 
NRO\-J = NBGR 
DO 60 KR = MDl,NBGR 
SCALE= 1.000/!M(NROW.NROW) 
DO 8 LC = MD,NBGR 
RE{NROW,LCJ = SCALE*RE{NRQ~,LC) 
IM(NROW,LCJ = SCAL~*IM(NROWtLC} 

8 CONTINUE 
MROW = NRO v!- l 
DO .2 C MR :: M 0, M RD H 
SCALE = !M{MR~NROW) 
DO 16 MC = MO,NBGR 
RElMR,MC) - RECMR,MCt-SCAlE*RECNROW~MC} 
IM{MRjMC} = lM(MR,MC)~SCALE*lMCNRCWiHCJ 

16 COl~TI NUE 
20 CONT IN.U E 

NRml = NROW-1 
60 CONT! NUE 

NRm1 = NBGR-1 
D 0 8 0 J = l " NI~ OH 
IB = !·:-1 
DO 72 J = IB,NSGR 
lMC!vJl = O.ODD 

12 CONTINUE 
80 CONTINUE 

RETURN 
END 



L 

SUBROUTIME ORTHOtM,ND,RE,IMtXtYl 
OIMENS ION RE (ND, 1)., IM!N09 1), X! llt Y{ l) 
DOUBLE PRECISION RE,IN,X,Y,SUM19SUM2 
MD = 1 
1 F C M • GT • 1 ) M 0 = 2 *11-1 
NBGR = ND 
SUMl = O .. CDO 
DO 20 K = MD,NBGR 
SUMl = SUMl+RECNBGR,Kl•*2+IM!NBGR,K}**2 

20 COfHI NUE 
SU~!~ DSQRTf SUMlJ 
DO 28 i<. = ~D, NBGR 
RECN&GR,K) = RE(NBGR,K)/SUMl 
IM{NBGR,K} = IMtNBGR,K)/SUMl 

28 CONTINUE 
HMI ::<: NRGR-1 
NROW = NBGR 
DO 100 1 = MD,r•JMI 
NROH = NROW-1 
MROW = NROW 
DO 36 K = MD,NBGR 
X~K> = REtNROlrJ,K) 
Y { K} = I M { N ROW ? K ) 

36 CONTINUE 
DO 80 J = NROW,NMI 
SUM! = O .. ODO 
SU 1·~2 = 0 • 0 DO 
MK.OW ::: MROf!+ 1 
DO 40 K = MD,NBGR 
SUMl = SUMl+REIMROW,KJ*RE(NROW,K)+JMCMROW~Kl*IM[NROW,KJ 
SUM2 = SUM2+RE{MROt.i~Kl.!J::lr'1lNR.rn.J"K)-H~CMROH,K }*-R.frNRO\<f.Ji'\.) 

40 CONTINUE . 
DO 48 K = MO,N3GR 
X(K) = XlK)-SUMl*RE(HROW,K)+SUM2*!MlMROW,KJ 
Y{ K) = ·Yi Kh· SUMI ~<I t·H MRm; d~ Y-SUM2 *RE t MR.OW~ K} 

48 CONTINUE 
80 CONTINUE 

.SUMl ::-: O~ ODO 
DD 84 K ~ MD,NBGR 
SUMl = SUNl+X(Kl**2+Y{K)**Z 

34 CONT" I NUE 
SUMl = OSQRTCSUMl) 
DO 88 K = MD,NBGR 
REINROW1KJ - X{K)/SUMl 
I M ( N R 0 Wt K} :.:: Y ( K i IS Uf>H 

88 CONTINUE 
lOO CONTINUE 

RE TURN 
END 



L 

SUBROUTINE PERFTCNP,M,NRtND,AR,AitBR,81 ,T,REtIM,X,YJ 
DIMENSION AR (l\!Rr l ), .141 {NR, l h BRtNR\' 1 ), BU NR, u 'T{ ND I' 1) .,Re (ND 111} v 

1 I M ( ND , l ) ~ X ( ! i 1 Y ( l l 
DOUBLE PRECISION AR,At,BR,BI,RE,JM,x,v,fAC 
COMPLEX*1.6 T 
MD = l 
IF(M.GT.1) MD ~ 2*M~l 

NR = ND/2 
FAC = 1.opo 
IFCNP..,GT.,Q) F1-'\C -- -1 .. 0DO 
DO 1 C I -:.: l, NR 
DO 10 J := t~NR 
RE{2~q-1~2*J-U = AR.f!t.1> 
REt2*1-lv2*JJ = FAC*BR(I,J) 
RF\2~I1'2*J-ll = F.t~C*BR( I,J} 
REt2*I f2*.J) ~ -AR(J ,J) 
IM\2*I-l!t2*J-l) ::: AI(I,J) 
IMC2>'.<I~·l,2*J; = FAC*BI(I,J) 
IMt2*1 fZ*J-ll ::::: FAC*BI (I ,J} 
ItH 2*! t 2*,J} ""° -AH J, .Jl 
ff< LEQ .. j} 1M(2*h2*l) ~= 1.000-AlOd) 

10 CONTINUE 
CALL CGND(M,NO,RE,IM} 
CALL ORTHO(M 1 NDYREi IM,X,YJ 
DO 11 I :::: I 1 NO 
UO 11 J = l,ND 
T{J~J}:.: <O.ODO"O .. ODO) 

11 CONTINUE 
DO 12 I = MD v.l\!D 
DO 12 J :: MD , ND 
DO 12 K = K D ~ N D 
T { I ' J} ::; T { I t J ) .• oc:; p L x !Rf: { K' I ) *iH: ( K 9 J ) ' - IM ( K' ! ) *RE i K' J) ~ 

12 CONTIMUE 
RETURN 
ENO 
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SUBROUTINE LINECTHETA,NIP,CvALPHA,R 1 DR) 
DOUB Lt PRECISION THEf A, C9 ALPHfHR,DR 
R. = C*DSINCALPHAl/DSil'HTHETA+·DFLO.l\T(NfP)*ALPHAl 
OR == -fUOTANfTHE°fA+DFLOAT(NlP)*AlPHAj 
RETURN 
END 

SUBROUTINE TRCIRISTH,CTH,C~A,R,DR) 
DOUBLE PRECISION STH~crH,c,A~R,DR,XtST,CT 

sr -= C*STH 
Cl = C*CTH 
X = DSQRHA**2-ST**2} 
R = CT+X 
DR = -ST-ST*CT/X 
RETURN 
END 

SUBROUTINE ELLfPS~STH,CTH~AZ~3RA,R,D~) 
DOUBLE PRECISION STH r CTH,AZ~BR~,R,D~ 
R = A Z/ DS QRT i er H~' * 2 {- \.4Z ·"'=ST 1-;/ rm .:~ ~ *' *2 ) 
OR :;::: R•.:<.;<3;:sr11>j:cn1t.< o .. ooo-tAZ/BR1~}**2 }/Al*""Z 
Rt:TURN 
END 

SUBROUTf NE TRELU !STHfCTHtt AZ, BRA, C, R., DR) 
DOUSLE PRECISION STH1CTH,AZ,BRA:C,R,OR,NE,RO 
NE-· (AZ~«STH}**2+(8RA*-CTH>**2 

RO= NE-CC*STH~**2 
R 0 ~ D SQ R n R 0 i 
R = t6HA**2*C*CTH~'.AZ*BRt\~'IH)}/NE 
DR :: -2 .. 0 DO *S TH*CfH4 ( AZ**2-·8RA**2) *RINE+{ -BRA **2J;.·C *S TH+ STH*C TH*A ! ~ 
lBRA*CAZ**2-BRA~~2-C•~2)/ROl/NE 
RETURN 
ENO 



.. 

Sphere-cone-sphere. 

A = 1 .. OD 0 
ALPHA ~ PI*l5~0DO/l80.0DO 

NDLTHHl -= 64 
NDLTH{21 = 64 
NDLTH{3) == 64 
CALL SPCCSP!ALPHA,A,THfTAl,THETA2J 
NSEC T = 3 
NIP ~ -1 . 
B = 0 ... 5DO*A*(LODO-DSlN(ALPHt~))/{ 160DOt-DSU~(ALPfH}) 
C = 0.,.5iJO~'-A~~tDSHHALPHA)ll<7.<Z~DSIN(ALTHA}+2,.QD0)/{DSIN{ALPHAJ*{ l .. ODO 

l+DSI Nt I'd.PIH)}) 
D = -0 ,.5DO*f, 
E ~ Al (1 ~ODO+DS IN (ALPHA)) 
THETAJ -- PI 
COH ( l: THETAl/DFLOAT( NDL THf J.} l 
CDHl2) - CTHETA2-THETAl)/DFLOATINDLTHf2)) 
CDf-!{3} ·- (YHETA.3-THETA?UDFLOAT!NOLfH{3}) 

GD TO I. lt z, J)., I SECT 
l CONT INUT.: 

CALL TRCIR(STH,CTH,B~~rRrOR) 
GO TQ 1t 

2 CONT INU E 
CA Lt u NE rrHET A., NIP~ c'I' ALPHA, R., OR) 
GO TO t~ 

3 CON 'fi:M ~JE 
CALL TRCIRCSTHrCTH,o,E,k,DR) 

4 CDNT INUE 

SUB ROUTINE SPCO SP {A LPfHI. "A, iHE TA 1, THE T1:\2} 
OOUP.l.E PRECISION AL.PHA"'SNA,CS.~,A,BOA,Q.~THETA1,THETA2 
SNA = OSIN(ALPHA) 
CS1\ = DCOS\ALP!H l 
BOA :-: l .. ODO/ ( 1. ODO+SNA) 
Q = ll .. ODQ-BDM*0 .. 000-SMA)/2 .. 0DO 
THETAl -· DATAN~ SN1~tCSA/{Q_-SMA**2) ! 
THETAZ - DATAN(BDA*SN~*CSA/I l~ODO-Q~BDA*CSA**2)} 
r HE r A2 :; lt • 0 ;)O ,;~ DAT l"N n ,, 0 DO ) - T t-H: Ti\ 2 
RE TU:UJ 
Ei'JD 



• 

Translated cir::~le 

A = 1.000 
C :::: -0.,tDO 
NOL TH{ 11 = l 92 
NS ECT :: 1 
THET/;l = PI 
CDHClt = l "HETAl/OFLOATCNOLTH~l}) 

El1ips 

A :::: l .. ODO 
B :::: O .. 5DO 
t~ DL TH! l ) = l 9 2 
r~SEC'f :::: 1 
THE 'ft\l : Pl 
CDH\1) = THETAl/DFLOAHNDLTH{l)} 

CALL ELLIPS{STH9CfH,A~B,R,OR) 

Translated ellips 

A= l..ODO 
B - 0.500 
c - ~o .1 ;)() 
ND L TH ( 11. = l 92 
NSECT = l 
T HET.H = PI 
COH(l) = THETAl/DFLOAT(NOLTH!l)) 

C1\LL TR.ELLI\ STH,CTH_.A,B,C,R,OR) 


