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1. INTRODUCTION

The possoge of the electromagnetic rodiation through o medium is generally
accompanied by the removal of g fraction of the energy from the incident beam .
This froction may get partly absorbed within the medium, and may get partly
wcottered, i.e., reappeor in same os well as other directions with or without change
in frequency. Even when the scattering process does not involve any change in

frequency (o cose to which this report is restricted), the characteristics of the
scattered rodiation are determined by the wavelength (A} of the incident rodiation,

refractive index (m = n

i H'E} of the medium, ond size os well as the shape of

the discrete particles in the medium. Becauie of this, measurements and proper
interpretation of the eharocteristics of the scattered rodiation offer o very good
opportunity for obtaining informotion obout the state of the medium,. Hence,
numerical determinotion of the choracteristict of the scattered radiation for a given
mode| is of prime importance in several diversified fields such as plmﬁul‘ﬂr}l‘ and
atmospheric optics, estrophysics, loser, radar and searchlight applications, and
chemistry . To this end, the first step is the evaluation of the characteristics of the

radiation scattered by o single particle.

The numerical evaluation of the parameters of the radiation scattered by o
particle vary small compared to L is very simple and stroightforward (Rayleigh,
1871). The expressions for the radiation scattered by o sphere whose radius i) is

comparabole ta, ar greater than, * were first derived by Mie {(1%08) and as such,




M pars e Gl scuties iy i knimn m o Mie ot lng,  The espieslomn o Mia

et Imonbei st i wleae loems conbain Banel Renciiam ol hall-imegral ceoder ;
tnlieiciil Betan ] Rain dianup with conples eigament, and, Fin and wcond derfealbos
Al s Lesjundve jelyeminly,  Farthemoe, the oumber af ismm reguined Tor 2
bt i i paviey with emanokle pcciracy i of the oder of the vign prromater
i Fwplabs Honee, e ruliokle Mie scofieing computntion fe lorge spheess
it e e b ee diTlieali, todiogs ored Vime cansiming,
e derivatiom ol fie Mie wopreniom m sel | o a cotaboy of 118 o-oilable 3
s il vk riaie i s g ilics cones con b ound i il sreasiae, "Ligh I
tembiewing by bl Porblelm® by Voo de Bubd {19571, Priae se thic pabliegilan,
resmerar ol e aluniion sl shy Wie e pstlon smoeoilined 1o smnfl soless ol = (€10
I pot Hly—titmnibing ll'-?.i- 0 spheves ., For nwrealenbiing ipheies ity w00, b mi
mittmling sork by = Gumpreshi and Slepcavich (1751, 19570, wia canisd
i coloulaliom o o . & ho besn poiried el by Man de Hulsd, the
sonb ol these nushon connot be: conidurnd to be complate <. the lows of geomelise
il pliyvical nptics enm be opplisd o e treeiber probbem i oo sshers with some
rmanobile conlidence anly il s ool de ader o 2000, Furlaimare; il rambe
¥ ilizee Hiong b whicl shy jadition pesaneien ore givan by these ouihon f e
wrmnl o ppios ey imeaght | o the fing strochore of the radsstian lisld, Beaicas, muny
fiehs o application dewesl sstossive numerical data for velues of relrack e ;
irelicin allier than Hhowe wied by Gumprechy and Sllepeseick, i
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Since 1957, soma rotoble peogress b bean made i eatending the rangs af
x For partly ~obsorbing spheres [=.4-, Glewn, 1961 7 Deirmendjion, Claen and
Viszss, 1961 , Wuine, 1963, 1765 ; Cinninghom, Walk ond Calline, 1946 §

Plais, 1768 = o Kottawor ond Plous, 1967 ] . Hewever, waipilningly ercugh
no vl hove besn reporied For lorgs spheres {n = 400 which are partlp-absorhing
af nan-okacrsing bes Foainate on p. 8.

This alwenca of progress moy be atirfbuted portly 1o the limited inbefest ol
warious wotkem, Hesever, since Mis conpoiafions savolve mvaluallon of serke
whisn neims incrame by several orden of mogeitide wiih increme &f n and changs
sigh in ratser pnaven manner, i i euantinl o oy oul basic arithmetic in dosible
prezigion i1 = i lorge. The atbwmi Tochor i the large slohage requiresents,
Computasian of fhe radiofion seatizied in 17 diferent divections [O5) 180 | by
@ aphere having size paramefer x 1000 with shaighforwasd programming pracedure
can requine use of merd than one busnidrad Phoupand douhle greciiion words of
ilaage, 0 requitement to loge o be fulfillad by e sainstorage orea of any

madern compuier. Hence, oee b rotpelied to use megnetic fopE of digks,

The main diFficulry in evaleation of the choree heristics of the radration
wcatierid by o lﬂﬂﬂa pﬂ'!lr-ﬂhlrﬂl'tlil'ﬂ "’Fh"'u is the wary r"PH Pmmri_ ol Fhe
Y el waing o recurrsnee refotiorship
arpars when e hanetion l'l“_*'" L
fhac. 1,2}, A recurence relationship provides o very poseetful computing tacl,

wipacially in suiematic work . Howsver, since gensration i corriad out perkaice

a5



with rounded volyes, the armon may or moy not grow relsiive to the $loe-of the
=anted fanction, | the sron do grow, Hhe ecumence sehame Ty said ho be unilahle,
Whim the ypeord recurrence schemse (0., storting with the valve of Aﬂhiil. ane
compuling wiccesslvely higher wobies af .-.nqm;] by mokirg wae of recurrerce

farmulal i uratable, in gererol the downward recurmrence wehime [y Foind io be

i s T

wary Wable [Abromowite and Stegun, 1984, p. K1 (8 T8 net necessory o know

the initial volue Toe ahaciing the downserd recypremcs scheme; one con moke we of the

rufic marhod find deverdbed by Miller (1752). Beference moy ol be mode ol an inds- i
purclent later ik in this direction by Corbara’ond Lhprsky [1959], who hewe applied

Ihe domrraord recurrence procedure for genenatlon of sphericol Bessel hurctiom on

digitnl cumpren. Eattowor and Plasi (19470 smem to e the Tl bo wse Wi

e recunence procedure in Mie scaiinring colculstiam,

The purpove of this repart s to dews ks and o presant bun FORTRAM 5uk-
teai tiney with #he Lofp of which ore can svolumie fhe ehorocimrishics of Hee
#lurtromagnaiic radialion icatered by o sphere, in as mony o P00 diiferen
dirmctiorm . The sibscutines are written wsing FORTRAM IV H longuoge and TR

Sytem /380 compateny in mind,

In the firsd suhrmatine colled DAMIE, all she funciions ane ot ilag
the upword reeurmence procedurs and o ssch Hhe S e e v

mod® o (15474 byley Fes any voler of ihe dize P“'“T'E"rl‘- i =

thi wie of upwerd recurrence, the schame begomes isminisle far A (M u} when

Py %0, Tuw, the spheres are partly-gbtarblng . Frem Hha discimaion fnaec. 3.2,
It i1l e clagr that further work it nesded in undentmnding the problem af (ke

prrol ropagotian in the caie of Runclion Aﬂﬁrru:l. The onky poilive slgiemesn

which con be mode ai ihis ege, s o lllews. The final resiih obiained uvairg
(AMIE should net be occepred without checking them egalrat thowe ohtnited

wilrig DEALE (T the poromebes o is it 50 or higher, ar = s of the ordel ol

LILERR 2ot e

I i secomd wibitthoe colled DSMIE, the Sunetion H“I:rl'l.'c:l iy campubed
uiling dosmeord recurrenee peotedurs and hance, il jis voluey hove i be shaned
for Burther s, Tl doms nof leod to ooy algnilicon) incracse compasber fime bt

fhoe 1toroge reguirement it very high, Sinee the mourmence ts sharbed il

AHEmu] = 0.0+ 0.0 il

2 I.-".EH

T N s il B @

@ shorage o 177340 byhes con occomadase 'x of gbout 20 0F ny = 0, = XM, o
cise [or which some retulli hove been prsenied by Yan de Huolst (VF5F, p. 27300

idommrir, (he resliy cbigined yiing DEMIE ore expecied o be more ieliable ihan
bin cordiliom.

jhoas ebimined with DAMIE under all |



. THECRY 2
3. Dwwloticn of Plane of Polarizaticn {Mi: For yevernl remiom, iF moy

2.1 Srckey Poromerer: ] s crveenbent 1o refer ia the directions of | and that ol | . wiih
mas mim

respect o hwo arbltrory direcrions (s & and th which ore mateolly

& beom of eluciromagnetic radsarion iy vecioeial (n alure o it regquine
ol #ight aegles i soch other, The e-¢ plone is owemed 1o beat right

mare thor one (s hvally four) porsmeten to Relly deicribe in store,  These poF omEtery, ‘IJ
m oiomarkly uedeniood, ore o Tellow: ] argles io e direcilon of chasrimtion, IF the dirsction of polatization,
I Speilic bntemity 3z I @ the omeunt of enesgy Tlowing namal |y { o Rt mekes an angle X, sy with rhat of &, then the
thavargh wnis area in o cone af unit soled angle par unit time and pei g of pralesTiutjon 15 st e sy o Ly o e+
unil irequency [nlersal, |¢ iy obo referred ks e Infergity, 1 S il B it N il B2 o el Is
Fodiores or Srightress . bietr whdariood by imogining feo simabions of comples amplihedes
7. Degeee of Polarizotion (P): A a Micol pem fanalyier] is rotted Em_ el {ml'n alang the diseel o ol '-.u- and Irl1il1 renpc Flwaly .
mitiehil the asf ol chasrvalion, the imemliry of the source m smen Then, I“ | E.--.u;p:2 e |:r|-|ir| : "En.m -IE il the combans of
threngh sha priam; sindwgens variations sipecially if the sowrce pripo tivral ity b pssumed 1o bewnity, [ these o lbrollom moindiin
samizh of some seofteied fight, or alierneiely, il 1he beom happery s bahicitl it gt st b i e
i pan. Hhreuigh s palerizing medium beflore reaching the Mical the rodiaricn is sald 1o be slliptically polarized, . This retrickian
prim " ohin ocoury, thee inlemify posses thessgh o moximum vokie imillloms of vibratiom} & necasary bocouss o vilation tokes of the
"mm:] and o minimues walue ‘“mlnl teice during o 3807 rofation. The e m‘E i i o g b i e i
penitians of [ and [, @ ot right ongles 1o sach oihar,  The BB i o b Yol T T SR B W ATy ot tie
dagres of polarizetion of the ohserved rodiation i given by oo et b o S SompRaRE i ok R B
trory phiie difference hetwein the twe v ibrotion) ond alo the MHical prism
p man Il|'|'|r|.
- | x “ (3 Thin rapreseniation af the tote ol & bemw of gleciromognetic rodiation by fhe
B i i customary parmmeters (1, P & ond &) thosgh complete and eosily wndestocd, lmeachi
e

S
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o unwanted complicatior shen ane @ indereited, 8.5, , in cbigining e el
il [ntevaciion ol severnd beom on the wome pariiels, This i becoue these
cuituimary patameiery are of different dimemiom and ore non=additive. Thh
dafficulty con be lrypapsd by moking uie ol the follewing allemare vet of

paromaten Firs? proposed by Stoke {1853);

In the Siokey representation, the intansity _I i treated @ a one-celumn
modria af four slemenky |:qr ﬂl['rml'l:r' a weeri with s elemanis), Al the

elements have the some dimensiors ond ore alie cdditive.

|
| {dh
u

¥

For the definitios of thase wlement, (el us aseme feo direcilons, ¢ ond r, ot
rigfil angles o each ofher, wach thot e o= plore i perpendiculor o the direction
ul the gropmgaiion of the radioilon under shady . Lot wn further ouwss that the

comples omplibdes of electvical vibratlom ore £ and E . roapeec | v by, odong

Ll *
the = ond r= direetfons . Thelr comples conjugores will be dennied by I. ond E' i

Acjain avwming the eomiont of proportionality o be unity, the four slemaniy are

e lined en tnlkows

= i e m

kil il A

e e T = e s

bes symmaetrie moliria which we shall alia refer o @ the Sighe mairis:

wheie Fhe slemenls of the bwo maitices o oilaied & fol o

anid

(V] ..Iﬂ[r' rl EILE

® w
Wi 'IE.tEr - f-.f.:l -

a] @
I=1 |r.

Cl'l.-lrJ

b el

e

13

Thia mateln ; thewgh symmetric, @ less simple hon the Fal lowing someshal

&



The Inllowing relntiembipn eon be shown ta saint befmeen the Sioke oad the
cuitniryy porameiery of the beam ol slesiromagnetic sadiation [ &.g..

Chandrusekhos, 1950 § Van de Hulse, 1957

172
[E—Irilz + I_uzf I!]
F' L L ﬁl

boal
R

i
|
fan 7 = _uu.n m
|-t

b cocher dn rebare ko the Sioket porameien, we hove o define om ergle 7 given

" I
Hn 28 - — : oy
».f"'ﬂ. -1 |L_'*' v, 8
them
[ fan EIE
fan & = T (LRI

if thern i na ellipticol palorization, i, & = 0, the porometes | =,
A partially poborized benm of radiotion con then be represenied by three porometen,
Ie' |rI gind | . AF the direction ol mesimem should coircide with that of 2o i,
u

i, Koo 0" or %0, than 1, = Oand

=li=

P r ] f Fd)

A natursl heem al rodioibon which i complately unpolorized ho for ik

Sickes poromerens 12, 12, 0, O,

7.7 Engiessions lor Mbe Scoftering

The espressieny fo the radiation scotiered Ly o sphere af sodio [}, and af
modnrinl wiih & complas ndes of meffaction fm), hove been apily derived by
Wan de Hulit [1957), emd alio by Born ond Woll [1764),  'We bl tharwlee
erammate e Final rewlin only.

Lat |, and | respectivaly represent the Siokes. porometers of she radinsian

i =5
incidand on ond yecikered by o iphkera,  Then,
1= jl o ! i3

wheie F' iy oo bsur-hy—tour salils eeleerad 1oy o *iromibaimalson makriz by

Won e Halat (19359, p. ). N lis e Fallawing foem

o a

Moy i}
[} M 0 (il

o= . HEH
o W |
0 0 0y Sy




The manis F* ord hence the matris 'I‘ are the lurctices of tee [ollowing
perEnE e
s v7eeh, where b in the wowelength of the Incident rind|tiong

mow g =Ny, indes al rafraction of tha materinl af the sphers with
respect B0 b sennastdingt)

and = Phe angle baiween the direction of the incidant and the
sootturnd radeofiom.

van de Fulst hes alio noted ihad only three elesent of F' o irdependent,

thie indewelaticrahip belng

2 ey
Sy * By i o O 3

Howvir, o 5" | DEI con b potl live or negalive, ne uneful purpose
i sereed by uiing thiy ralaElemblp in octual compuiotianm.
in srdér to evoliate thete elementy, one find dafines the complon amplihude

t__l[,, =, ) and 55? fa; m, 8} for the seosered radiaficn.

In
5, ey m, 9 - EH ["r. o) (1]
el [ha)

* h" [.l-J T'I[I'I!}

- 7=

0 TR

and -
5 ., ) rrZ %“H’L {h"l:u.m:l m, ]
mnal
+a [x,m) "'“l:h'l'}
whara W= eos
Then,
hl,l - 5151 i
My=5%
S-E.I "':s=5| ¥ 5‘152] ]
I Ll Ll
o Dy = 1555 = iyl

Tha lunctions nn-hlrn| and I:ni.lrml- aie gheen by

) ) = m Y] ¥ )

ﬁ.'ﬁ!mh o T T ¥
Yo ima) %} - m ¥ (me) &)
ared
m ) G = ) Y )
hﬁ#‘l‘] o T L - uEs

m ¥ e} € ) =7 ) 5 ]

=13

LITh

(18}

17

1]



".I,m and ’5:11!} are the respective derivatives of 1 (z) and 2 )

1o & el W ru-:pl:l'ln.-ﬂr.

Tiel =2 ()
7 ) s n b -y ]

l:_‘[l:l =% Jn_ﬂtb ~n Jﬂ[;j

o £ = kT gk y W] - al) ) sy ]

wilth reip |

3

[24]

{25)

d,, ond y ore the wghericol Beras | Buncriam af the fint and wecond kind,

reagectively, The Fallowing recurrence relationthips ond indtial values for

seftirg wp the recutvence procedure con be fowend a0 oy of Fhie stasdard mathe=

motical books {w.g,., Aoheiewics, 1964} .
Il
"HIH i fnftf - '“_liﬂ

L ia i by e }is

Cm &

_I.‘.':T'I' - "I"nl!:l - —'--

Jgleh = y_yfn) = 22

i24)

{27

e - b

The phae fipctinog I'H[uf wnid '-nl:l-l 1 ampearirg in g . [ke) ond (V3] cun
e g pregd In berma of e Legenire polynominly o follow:
dP )

d g (i)

. -'u"l.u'] = I'l“{1='l = {i=hy —N - 130

Besides the hrosslormation malsln F* , ther serms al comiderahle Importance
are fha dimansionbern comignty relecrad 1o o "efficiancy foetomn® by Van de Hula
(1957, pe 14 and p. 127, CI.. thett eFficimmcy foctor B eniinction, which thi
ratba af fhe totol mouni of energy remawmil from the Incident begcpre 80 the geomiklc
o saction (2] of the particle, oun ba ohigined from the volues of 6 ond b

anly.

Q. tm) - -.g—z s 1) | Rela )+ Rets ) | i)

"

The wnbol Be thords for ke mal port ol he gionting in parenshesen,

3 , the eficie oy focior ko scothering, in gieen by the allowing e prissfona
[

r 2 .
ﬂlh,ml - _.;—Eﬂn- I|.11:|n| ‘ II:“I ] (K}

n=1

-15-



IF Heerw i3 no absorpiion, i 8., ng = a, Q_ z 'EI'I- Crhaerwine, Gu'

thar wilichency Inckor for absorption, is given by

P G, 33

Anoihar dimemiiankes quontity af comjderoble intmrmi @ the se-called

“ypmanetry fo o repoesended by TR

r

4 ' . Tt | -
<o int )
g ¥ o b By ey 0

I
&y nabed by bvive (19631, anil egain by Kattows and Plos 1F#AT] Lt nat by
Ciiwie (1981) |, caserishs nppearics in eq. (4] hove been omithed in Von de Helt
(1557]
I'_'.‘IpI it o lliciency focies bor radiation preswere, con then be obtodnad

Heimng ikt Tl ing3

g @ -@ 0 (39)

=i

e e o |

fil.  ASECCHD LOOK AT THE MIE EXPRESSIONT

Since the svaluarion of the MIE omplitude 5, and 5 con leod fe the
pompuiations of o theurderd or moee leima by resuirence, i1 in mdwisohle to give
some thought 1o the queikien of the propagation of ero in the cme of noch of the

four Bancibong.

1.1 o oxdba
Ll n

The exprowsicen for the furziions a and b teqs , (20} o [21)] For cumgles
wntugh of the paremeter m -conlalm the ipiericol Beiel function _i._ll:rrll:l which in
furii requine hyperbolic sine ond hyperbalic coine furciions sinh l:nﬂalil and
e h tnpd.. A by well enown, the walues of Fess hypesbalic Funetns increase
snpanentially with N Hinoe the computens deal only with finite musbers, the
wwaluation af the exprentian in the present form can sesult in an overflos if

g - 170 e IBAL Sysbaen (360 compesbirs ure ueed ,

This pverfiow con be avnided by dividing both numeraios and denomisatos
of the sapieion for a, o wall w that of Ihn by J bmx] o all tha hedma contoin
J e} oo J“"i-—'l . Infeld [1947) wha 1sms 1o ba she first o racognize this,
Inbroduced the sa-colled logarithmic derlvalive of ‘“l:m.r.! and ":ﬂlirli functions
glven by egi, (28] ond (23], repechively. Lome of the properties of these
lagarithmic derivative furciinnos hove been discuwed by Aden (19510, The

hurss s

=1 7=



dlbog T jmu} ] l':' fmzl
. T T e
iv denored oz Llninll by Mden (1951], @ "1'1 mah by Delemend]ion and Claen
|FEE, and as I}lnl'm-:i fumztion by KaHawor and Plma (1967}, Lking the natation:

af Duipmiendjson gied Claen (1962}, we howe,

A
{ L r“—} Be (W k] 1- He L )]
e (e, S R u g i e
Anh} n
™ ! T} "ll'llrlt‘:I i ‘h-lh:l
ol
A o] .'.L} Re | w ) |- Re W il
byt = = . {38)

{- A s rl} W i)

- W
1P

The lngorithmic derivative of 'rhl:m.-l ¢ teite, th Bunciton l'ln|l'l'ﬂh Funt the

fallowing form:

R

A, fna) = - A O, -

‘Th-t Tollowimg initiol walue for yeiting up tha mecwrmerce can be okeginad alter

moking use of eq. (37} ond (800

=8

TASLE 1

Fotations o used by Deirmandiion and Claen (1943}, ond by Kotowos

ored Plan (1767,

i

Dewmendjion and Cleaen

Rel l.".'ﬂ!nl |
W)

A_lma)

W) ] n

R p=1
R [ da) |

w ot

- - P

n

Eartowar and Plon
¥ 1,-_?

i

E wl

o ima)

b i)

G, {x

- -




A.ﬂ[n-.,-,t - E.ﬁ;:'— = col {m=) . 4y

The fursction W ksl oopearieg in equ. (37) and {30) s the vame @ Eﬂtnf

defined by g (21). Hence, after moking uta of ugs. (28] wa (28], we hawe

Wl = TEL W e (411

witls
Wb = ema =] pina (43

and
Wole) = sin s 4§ cova . 141y

A the First vight, medifind mxpeessions of unl:u_mﬁ o hﬂ:u,.rn] o given by

Entigsor ond Ploss {1987 appeer bo be different From hore gheen by Dsirmandjion

und Clanen (1842, This & rob really the cove and ane con ched e squivalencs

iy makirg vae of Teble 1,

dod & and W
n Lal

e initial valus for #atting up the recurrence procedune for compuration
af A_tmul is given by eq. (80}, With m = my i“f it eon ke wrltben in

gither af the follawing form:

—_—— A p——

e

1in Enl_-:l + |‘|h'li'|1?r|2‘]

B fma) = ga
. reih r?“;’} - cos ()
" fn } %) cosh fnad
in (pu} coafngah 4§ ginh -
1 | : b coe " (2 - o 7 145
Ly slm [ﬂﬂ’ 1 ginh Enzil'

1 ng = 0 md s is on Enteger multiple 6l ¥ wither of these forms will give
rise Fa g diwiion by zero ond hence, o pemikle tersination of the pragram, or
wrong results,  This it not o bypotheiicol caie, o wevesal siteation can be
whusaliprd where ?n-lr,-’i'- can be an indeger, Becoue of the generation of the
rmund=all erro in o particulor say, ke expiesion for .lu.nl'ml:!l giwan by eg. (45}
it hound fo be mare witohle ke compuiationsl pirposes.  Hewsewsr, itwlll be
necesiary to apply due cautien if In e/ s very clme fo e jnteger, since

scnand=oli & ore gererated dilferently in different compieten.

W ny ¥ 0, @ smaightionvord evaluation af A me] will aguin run inms frovble

np 0 or more, Since For these lorge vates of nge, vink ()~ conh fngel
fn_x) -
e -5 ; Wit moy moke use cf the lellowing opprasimation;

A f) = 0,04 1,05 (44}

A use of this approsimation immedistely leods to the quastian of propagations of

wrrEm, B2 e fuceesive valee of nl.ﬁ[n'u-'ll e compa e by upword recurrence

=3 =



FAGURE 1

Wit lalion ol el port af .!.nﬁunl ai o himetion ol n, m=1.042- 1.0,
w - 50,0 v froken ciarve reprevents valuss obfoined uiing dowraort mecuenence
pecedure,  Thin salld cures sepreenh “oplkist shhained wing upsord recurtence
o et e .
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cegy, (3910.  Aa o emtioned sarlier Gec. 1) Katiosor ond Fion (1867 hase glreardy
pobnbed ouit thet o numes ool insteblline develops in this cove.  For seiiing up the
dowrward iecurience procedure, they hove swggested fhe e of 0.0 < 0.0 1

s the iniblal vslue ol ‘hh"] foe some walipe of B> jmx| . Sénce Pha compuse
tignal| ermar decreaed wiry ropidly of woch vtep ol downword repsmence in ikl porri-
oulkar cone, the colculolions ase inaerditiee 1o the caumed  iborting value and
conuee wevy rapltdly o the correct valoe, The eriterion fnr selectirg

dowsteaid recurrence of o wales al W given by eq, (2} W ralber sarick,

T il pewt of the Banction .iunh.ui for m= . J42 - 1.0 1 and
w5007 e obitalned after wilrg the upword recarmence (khin 1olid curve] ond
dewniward recurrance (heoken cwrve ) prooedures, 1s plotied in Figure | @& o fenclion
ol n, ki com be seen thot o memerical fedebiline develops in fhe upword recurrence
schame whan n= 11, Berweem 112 and 1235, bwge owcillnfian develop, The
onplitude of thews oseillalian deeremes whan n B aboub 13, For n o= 138 ond
Inkgher, o skobilizolion gccwn, kit Fhe real pari of .kni-n:'l achieves o volkan which
fa completely different Trom the correck valus given by the hioken surve,

The ultimote elfect of thin |retokilife @ 10 increme te voliees of rhe
nificiency foctes FJJ Leg. A8 Everslually ﬂ‘ becomas greoter than ﬂ.
feading ro negative volues ko ﬂu: L, ml]: An example of this ls provided in

Tehle ¥ wiers the wolues of |"_‘|‘ m obisined using he upward recurmence procedu

=1d-



THELE 3

The velues of the elliciency Fnctor for obsomption Iﬂnb m o henction af

Ny ¥ m 1.-311—n?l, = i ke Dl n= 50,00,

Column 33 Values obbained shen function P.“ﬁ'm»::l is wompaie wing
upsard recurrence procedure (DAMIE],

Column 3 Vobues shtoined sbea funclion H“l)'nll Iy somgrhed wring
downmod recumence mooedure (DEMIE),

Ny @ with DAMIE G with DBMIE
0.0 01,0000 0. 0000
00001 00535 00533
0.001 0, 4149 0. 4149
0.01 0. 5649 0,947
a.l 0,753 0,753
0.2 0, 9542 0.9547
0.1 09385 0, %390
a4 04911 0.%21
0.5 - 0,495 0.%014
0.é - 0, 5255 0, B804
a.7 - 1.1592 0.83%7
0.8 - 2,907% 0.834%
a,% - | 437% a.5041
1.0 - 13789 0.7710

_2‘_

imibroutine DARIE}, =i oo oltained siskrg the dawnward mecurrente EracEcu
fnubsouting BBMIE) for computations af A (ma} , ere fabubated for veveral value
af no. The msmed volust ol ny ond x ore L.34Z and HLO ¥, repectively,
The walues of {}ﬂ m ahhained from these subroutines agres in four significen

figueres for m, upio 0.2, For Py = 0.3, o dilference al cem unlt B roticeabls

K
im tha Baurth signiflcent ploce, Therealise, the difference incresses wéry

vapidly, and o ny s 0,5, the swbroutine DAMIE rerorn regative valwes for D,

& definire guideline for prohibiting the use of DAMIE subroutine connak be
ity exlcklished ob the aneunt of obsokife emmor propegaied depends both upsn
ng e % . I depends ipan 8 Iectuse the rumber of (simi e ived for the
canvergerce of the serie dependy upon 5. |n Fhe pbove ssomple, shere = = V3. on,
ki smaulen of DAMIE gnd DBMIE show vignificant diferences for ngi 2 a7 On
the ather land, For another cow for shich m s msmed fobe 1, /0- 1BAT
Wi reuglin sbigined with DAMIE ond DBMIE sere found o ogree within s

significant lgures for = up o 404, 8., N = T8

The eempuratian ol the haneison 'l"l'"l:l'll which aleoys ba a eeal orgument,
gie virasghiforsord. Tha preklam of the propogntion el merar is nok serious i all

e bas e arlsthmetic 15 dane in dmible Plﬁ'tlllﬂﬂ-

3.3 . and T

The phoe functions unl;u.b and "'“l:ull giwven by eqs, (2%} and (3} can be comj

=, L



after ok ing unm al fhe fol lowing recwrence melatlomhip baed o dhe peperin

ol the Legendre potynomials and their derivalives:

L SR

n-1 n !
Toll) = ey () = = el R 147 ;
i
F |
i ,Il"l' = i LEl”J ="y | = (=T (1= :IIﬂ_rIUIll '“_zﬂu:l . 188 }
'
= trE :
!
wley =0 ,
mi) =15
145
'=nr|-:l =0 ,
ond L] I||I:I L T R
Tha airoightforesrd upword tecurtence poaes no 8o preblam, The
it
abanlyte ermor Incremie by o locior of shout 10 o wehees Ynq |4} ond III'DH'IUJ
mre atitained from iloe of rh[ul- o e, glven by eg. (49}, Since this iv o boa
af vin bo wween signilicsst figume, 1t v ogaoin recessty o corty out bale orlthmelc
in tephle precialon,
Thee weilums af 'l'“rl:l aind 1n1“ olilmined alter moking e ufl#, r'“'.lr 461, !
aitd [4¥), ean b= —hecked agasnt ihose chimined [rom the lu]l-u-:q- vy |'q||- ;

wepressiom for e wome (Van de Hyhe, 1957

ALLER A LR En ik} {50

L

Fow 7 = -m"', lom., we O, df can be wsown thae

rrﬂﬁlirl:l T n b oevanl

YT ¥
iy 12 s 5]
AL ki {F n T odd] .

|'|%. . .;_;. I [1/2)

The volues al gy honepaans fov barge verlues af n con be Bound i one of

tha Iobles in the wries of Mathemerical Tables published by the U, 5. Masionogd
Bureoy of Standoeds {19510},

IF #ha volues aof 'rllfla] i "rlluﬁ Bir 4 > O hisee been ﬂ'l'lﬂd’l'.l EIJITIP.IlldJ
i i b pecemory B compube (Fos al ||".||:-u.| anil -nlf-UJ i wias done by
Gumprecht and Slispeevich {1731), ilead; one con mobe wee of the folkowing

relotiombim,

# (-u) = (=0 e ) 152

1 =il = (=107 1 ) (33)

These 1=laticrships con be derived emily by moking use of ibe lallewing well-kna=n

mopertles of the Legandre polynominl;

-37=



Pi=u}= .{—I}“ P il ,r 54
] n = )

P = =" e,

L) {541

by P'n reprmnedy the derivalive of F,, with retpect 1o 4.

Hewewer, it appaoe ihot the gbove meniioned properiles hove gone unnoficed
i By poriiculor Bald, Yoo de Hehe {1957) ho mol glven ihem explicitly, evan
though fie does malie wee oF this relotionship ke = =] &l seversl Moces, He bas
nof commented an e rables of Gumprecht ond Sliepoevich (1951) who have
winec e iy e hended the length ol the iobilés,. The kaler resemchen {e.g-s
Crima, 1901 ; Deimnend]ios orel Closen, 1942 ; Giese, =t al, 1947
Corminghom, atal, 1766 ond Koffewor ord Pleas, 1PE7 ) da aob meler fo this
relationship either. The odvoniages of making vie al these relotiombips sheyld be
mare v ldent after ibudy ing the published doia ol voriouy suiban, d aftes recog-

nizing the eme al programming for o wpplementory.  ongle [appendices 1 and 111),

-7~

e e e i 4 B gn

T R ey S e

1w, DETAILS ABOUT THE SUBROUTIHES
d.1 Geneiral

Two wbmutine, colled DAMIE and DEMIL, ore wrirtes with the purposs
of halping the uier fo obeoin poromatens of the rodiction weatiered by o iphese o
0 gives  sizs, The cctual FORTRAR stofement (FORTRAR |V lorguege) ore
Ibed In oppendices || and 1l respectieely . & wereey of the IHeeciure showed
that e e i likely mobe inreresied in compuiing ee radiation fiefd ke the volis
af the tize porgmeint = (= 2001) =~ w0’ o oral pealibly for obei the some
reamber of directiom ol wotiering, Such demands, along with ihbe pecealty ol
carrping oub all compubatices in dedble preciskon, ure bound o o tha iiocoge
capaciiles of auy compaber, In arder 1o ovold ang we of tapes or disky, it wm
decided to uss Fhe shamge wiiy dpalingly. 84 mentianed & earlisr sectiom, the
main difference botwesn e fwe sibrouiings s the moneer in whick ane af the
funciiom |y evglughed, Is DARAIE, the Funetion ln.nﬁul' i mvaluated uting en
upwned recurrance scheme, while (n DBMIE o dosnword recurrence procadure hes

ben used .

The CALL stotesen! for either subroutine eguice the following poremeten
im the prder Bjatad;
xi tlze parameter of 1ke scatiering yphare, = >0,

m.: real part of te refecilve indes of the moteriol of the iphaese;
ny > 1.0 becoure the jredent wbroutines ore not texted o values
af ny = V.0



TABLE 3
Game symbals e uied in fhe lex! ond their equivalence in DARIE and DEMIE
Leticea b irem,
=
TERT SLBROUTIMES
. X
"y #FH
iy RF1
i THETD{ I}
G' QLT
l.'.'ll'_ SCAT
coa 1l Q CTHRGS
ML ELTHAGEL (1,4, 1)
M.IU] CLTRME 2, J:0]
511 ELTRME {3,J,1)
=IEIHI_II:I ELTRAE [, 1,1}
M (180 - 1) ELTRMX (1,0,2)
M1nan =] ELTERK (2, 0,2
52111311-11] ELTHMX [1,4,2)
B“lmﬂ-"l ELTRMX (4,3
i ni
g W WAL, WERI{T) , WFRTE
A."_] i "'n ACARIY) , ACAPEE} ; ACAP{M) bn DEMIE .
g 5 F“F-l FNhr FI"M-"
b“ § I:-“_l FHB, FHBP
B % Cat PI0LA) , PG, ), PIEE )
TR AL TAL, A , TAUGR D , TAUG, B

~3-=

i B k.

imoginary port ol the sehociive indas &f the marerial ol Se sphers,

HE = 0.0

iy Argles etaesn the dimctions of the woofered sndiatior ged direction
of e frcident rodiotkan for which compuintions are reguiregl; | shauald
be sntered in degres ond in value hoild not sxceed 90,07,

e Total number of My . 18 value sheuld nos exceed 100 unlesn the
dimangbons in all relaied stobements ore appropriabely changed . It
ikl bee groader Fean one.

It ould b noted that the subroutines do nok check far ihe cenditicen for

K. ny ol g i s conditiom ore nod satlsfied, the wihoutine e likely 1=
reherm meaningles el

The fallowing guontities ore rehurned by ihe wtwosine U..' eg. (1L

':}:.-' eq. (32 cm 5 02 cen. {34); and the elemaris of the ranyfarmpiion Mairis

E' feq. 14) for all values of # oa wall s 180 - 4 {Toble 3).

Far the grope functiening of the shroutines, 10 is neceasary ia declorn ike

folla=ing oo REAL * 8.oo oa DOMUBLE FRECISIOIM i Hhe main progrom;
X, RFR, WFI, GEXT, GACAT, CTRRQS, THETDHCD), oed E1 TRALX (4, 100,31 -

Adter viudyirg the sibeouiine in canjunetion with Takla 3, the Rallewing

shens | be widents
1, Foi mgiven n, the vahies of 1ke funciion W", LA i l:ln e
vicrad paly i they ate reguired ol o [mpis stage .
#,  The above skalemant sls oppliet io the hsncrian .‘|P which is pompared
in DAMIE by upword recurrsnce.

==



= T real ord Imoginary poris of o eomqles geantity ore chimined &y
murs of EQUIVALEMCE .

i Soroge for the elemanly al the transbmmation maiviz fshich are the
quanlitier compuled ai fhe vary end] i3 first wrllized o sioe the valum
of the comples amplinadn ';'.I and ".'h ¥

A1 g verimy gre feminared =han |:||H[i i I.EHF £ 'I-I]-H |

L

i3 Timingr

Avarnge lime 1 jmosecomti, which e wheesstine DAMIE rokes fa retn the
valumy of the fowr elemenis of ihe trontfotmoiion mairis Fkar 167 vohues of -
o =mll s the walues of Q:' Q:. and oo 4. Q:.’ it given in Toble 4 for severol

voluey of = . The computing focillty uied wor an [B& Syyiem/ 360 Model 50

with FORTRAMN IV M compiles ai OFT = 0,

From the dam presented In Tolsle 4, i1 con be ween lai the wbesiting
hecomes mare eificient with the incrasse ol o i the donge 1.0 k2 100.0, yince
a len-lold lncreme In o doss mat fesult in o ten-iold increave Int. I may be
reciedd thal tlie masl e i consamed in compulotions of L and hrr , and henoe,
the subrouting will become dew o less efficiend m e compuinlions ore colled

for Fewer ord fewer volues of 8,

B GF the ide ol dewnwird i B aow, the reesoge time |
far the subroulice DAMIE dependy upan the wolse of fye Moy el 5, However,
in severdl coued Tor which the tewing ik were nan, DBRMIE wo found 10 roke oe

the queroge of 10 fo HFE more time thon DAMIE .

=l

TABLE 4

Avttrgge tisme | in weconds) which the sobrootine DAMIE toxes ko reiurn
wnlymi ol four elaments al the ramformation modriz for M2 volin of 2, o5 well
ea values of ﬂ-, G. el 209 71 @ for o sphere having tize poromeier =,

Compuibng facility vsed: 1BM Sysbem 260 Madel 50, FORTRAM W H compile:

OFT - 0.
¥ t iin vecendh
i.0 2.4
10.a 4,3
0.0 JF %
G010 350

That costuat luen in the apperdices IV ond W wei sbiained waing FORTRAR
I¥ G eompiler, ©FT = 0, This complier seemy to be more efficient for thes sub—

sengtines i ihe computntions lor w0 = 1571 suke obeoul 30 seconth anly,



4,3 !I_"l'_ﬂ 0 hlquir-q-nl-|.|

Darit 15,474 bares

DRMIE = 127, 340 byles

.4 .ﬁl’.l:urn.:;.ll_

Becsise ol the noture of the problem, (F i nof pasible m moke o posilive

stiptemmnt aboul (ke iwlickilibe ologiven value. An avercll figurs of rebiabilirg

of the Firer aie pa seven signilicom Flgures seemy 1o e guite jeosanabile,

It iy bg added s thea wubrsolines I-HI'- uted i Eomputs the choracieristics
af ihe rodiotion Gakd for wyveiml coves Tor ahich fhe publithed o well o inpublished
rrarit iCal yaluey wore available, fe.g., Gumpechr and Stiepcavich, 1953
Wan de Holit, 1857 Giee, 1981; Divrmend|ios and Cloon, 1982 Gime, & ol
19ed: byvine, 1983; Cumminghom, et al, 1968 Ples, 1988 ond Katlaes ard
Plasy, 1967, s menfionaed sorlies, mot of these resulh were ctinined uiing
tmgle precition oithmelic ond = wup ra #H ondy.  The repulh ahegined usbng
s sulwinad v o those phinined by the sarlier authom were found o agroe

witlir the limits claimed by the vorlous outhar,

L

Far @ legs sphese mode of mafeviol with o refroctive indes of 1,347 = (.07,
|'.il|I . e efficiency lochor Tor scoltedimg, con ba coleylofed from fha follawing

i) lormula suggested by Won de Hohi (1957, pp. 36, 245, 1

@, * 2.0~ 7480 sin (0,484 x) T P I

=3

For = = 50,0 ¥ (m cma dor which the reslty ore presented in Agpendiz 1Y)
the second term s rera, ond hicce 'D‘_‘ can be compuied using the femmining Bires
twtm enily. The waliee of 01 wa obrained B 2.0136 ¢ “rippls”, which Comgure

kY

VEY mell with the vobee af 2,0 H."i'gh-en fni the Appendix .
4.8 Sgmple Problem:

The ECRTRAR srarement lor o wample problem wiih skich one calls ke
DAMIE subrautine are listed In &ppendiz |, The sese [nting con be vasd for
calling DRRIT ofier chopging the CALL DANIE ===== 1o CALL DOMIE —=<—- in

thn charemear numbered DIMIE (36,

The sample problem progras e in the vobues of n g, M Ky J& Inumbsr gf ©
woliimi Tai which compulallesa are required), AJX (lvlerval 2 ) and MMM, Al fhe
walues mucept that ol inleger I dhould be purched on the cord b doulrle precijon
fnpmat, IF the iout gugntity (MBAM] @ egquol to sro; the value of & remains
urchanged, |E MMM ¢ 0, = i changed io 2 ms /MMM II:IF:L:I, e TIRAE
subrouling called od tioges DSMIE D15 and DSMIE 037 helps to reod tha cleck in
milliecands, H i subrauiine is not ovgilable, these rwo slabemenh, o owell o

tha itarements numbered DSMIE 019, DSMIE 040, and DEMIE DES con be omitted.

Besides other related infotmal ion aed the guantitie @2, ':I.. G and
Tos I, the wample progrom oo print eut the wabses of all the four elemensy of the
mairis 'FI n well o the interaiby and the degree of polarization ol the radiation

scabieresd by g aghene laminated with raiesl fght,

=d5-



. COMELLURIOM

Thie prables of numsslcal avaluation of #se chprncterliiie af fhe slgeiias
mognatic radilion seatiered by o sphere (Mis scottering) hoy besn anabyged in
iirwrt aburail in previous sectiona. It han bees thown hat the gueition of numerical
brstobi ity Katlgwor and Phaia, [987] when conputing ore of the several funciam
by wpmad recurrence o an important one indeed i the sphere @ porily -skisbing,
el i al modw ove siee Gize poromeler &~ 100 & more] . Fallow Ing this, iwo

tulrvulineg ar peesesied,

Mig silii uiiam DRBAIE |4 ewpcied ia glve mliohls reits undar ofl foresaestls
candilicen, Un the ather hand, the subroutine DAMIE b scpecied fo-give relighls
runiili bely when the modemle ond lorge spheres are mode of por-absorbing
mateviol . For @ parily—sbnorbing wphere; the vewslis obtoined uiing DAMIE can be
ripes b o b ruliahie anly i the aliarpiion and the size porewabers ore o
mosdsimie Mo nihids [ BO, = 10, The pressnl serie of tesh pre
imudficient io bay dowr = ore speeilfie erredon ke limiting phe wie af DARETE,
Apoii from poviding @ conclse subroutine which con be wied in wveral coss =lih
gienf eaie, ibe atwer remgon inr provieding DAMIE & o permit i wier io chedk
the relialsiling of some of the vout smount of publivhed ond ungudilished mumerical

duslon om this whlijeet,

TR A T g R

-

Thass usbroutiees ore Fairly afficient from the paint of view of the sherags
regqubrements ond Himing consideratlom, However, since they are bmically
general purpead pubroutines, mere effbciont venions can he akeained after appra-
pricte change, One may be oble ro relae some of the shringsni cfl e in e

limired ppplicofiam, and abber checks in Exireme cowe, she moy be oble fo cdrry
aul ol the bayie erithmetic in slrgle pracitian,

I thie mrd, i1 hould be odded thet thaugh Mese whrogtine ore chached in

sevaral albemabe woys, Fey sheald be ol be racted o -ll:pqrimh:ﬂ ol
Diue precoiion met be edercied bafore occepting some wiwiund fesuln in Few

f= "
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