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I. INTRODUCTION 

The passage of the electromagnetic radiation through a medium i s  generally 

accompanied by the removal of a Fraction of the energy from the incident beam. 

This fraction may get partly absorbed within the medium, and may get partly 

scattered, i .e., reapbear in same as well as other directions with or without change 

. . ,  . I "  

in frequency. '!%en when the scattering process does not involve any ch'arylt 
i J 

;freqyency (a case io which this report i s  restricted),'the characteristics d:ttii 

scattered radiation arc ermined by the ~ a ~ e l ~ ~ ~ & , . ~ f i j ) ~ f  . . . . . . . . $S . inci.&rrt"rd 

. . 
refrc e inc (in= .3,Hf;..b:.~ ,me&luw.. . ; 6.::'  iff&&&. -' cji.j(&( 4. ftie -3h-dpe & .. 

m . w b p ~ ~ '  n orruuse of this, rr~sasurements and proper 

interpretation of the characteristics of the scattered radiation offer a very good 

opportunity for obtaining information about the state of, the medium. Hence, 

numerical determination of the characteristics of the scatt ed radiation for a given e(r 
model i s  of prime importance in several diversified fields such as planetary and 

atmospheric optics, astrophysics, loser, radar and searchlight applications, and 

chemistry. To this end, the first step i s  the evaluation of the characteristics of the 

radiation scattered by a single particle. 

The numerical evaluation of the parameteis of the radiation scattered by a 

particle very small compared to X i s  very simple and straightforward (Rayleigh, 

1871). The expressions for the radiation scattered by a sphere whose radius (r) is 

comparable to, or greater than, A were first derived by Mie (1908) and as such, 



. . , - . . . . . . . . , 
!l,ir F"=w~ of 2cuttel illg i b  knawn dr Mie S C , Q ~ I V ~ ~ ~ ~ .  1he exparionr for mie . . d . .  . . 

=bllu+ill(l in*olve K I ~ C S  vlh.seierm~ ccntoin Berj,al fvnctimr of holf-;flteg,al drder 4 ,  : .for partly-o&orbing ( e * ~ . . ,  Giere, 1961 ; Deirmendiian. Ciasen and 

:dh - i cn l  BeueI fu*ictibns) yith ~wnpl~x'&~agument, first ad recsnd derGotiver : 

. . I 
me Lequnckc polynon of arms requived fw ' . ' I  

- 
* 

rlra pa 

or non-abiorbing (see Footnote o n p .  40). . , 
. . . . 

. . 
r.m llu deswibed ord i f fku l l ,  .t?<iour and tima . . . . . . .  

. . 
i . . 

Ilia deriuotiona of she hdic e*pc?lio~rr or well qr c~,olog of:iar o.rcli~eue ' ! .  
. . i 

*t~m~ir:ulialutiorrr in honie r$ecifie caer be rcoad in ll,eIrcai;i, "L;.&~ i x . . 
ktcal~wing br 6moll ~~vt ides ' !  by y ~ n  Hutrt-.(,l~yt, pr@r m. t ~ v i r ~ b i i c a i ~ t ;  

. . . . . 
*wmricol e ~ l u o l i o n  ~ T P  tkir Mi* s*pmsicnr nol;confina~-te rnrpll u.lye3 (tll)l ,e factor ir the large itor&= requiremet 

. .  . 
t ~ r  ~i;sft9aho;bing'.fo > 0) rplleker. Fpi son-erbrabiw (,, -I&; ti,,: "Alt :omputationr of the in 37 different directiim Lu Pl Iou I 

2 '  . . 2 

-t~dh'$ ;is fh-' .I Cumpre~ht slieprevich ( 1 . ~ 5 1 ,  !w), ~ r n ,  ied having p~r.,me~er = 1000 with stroighforwad programming pwcedure 
. . 

. . . . 
llwir =ol&ul*io.m to 'x ~ b .  ~o h,&l,ee;l.po/n)e$ovt by the . : ,an,require of more one hundred thousand double wecision words of 

~ ,. . . ' 
*i.*le? .?urnor3 be cclnsida~d fa be lconlplefa ci fha. jaws . ~ f  geornetrir stor,&e,a requirerne.nt top large to be fulfilled by the main storage Ores of 

WJ phusicoi,aprits can beppcllied ra t t ~ e f r w l r l c r ~ ~ & l ~ ~  in . +han w i h  -. : modern computer. nence, i s  reqired to use magnetic topes or dish. 

. . . . ,... .. _:. . .  ,' 
, **;l=nal& conr-c a t y  i f  x i s  p~ IFK OV~B:  sf 2WI h~fll!~(m+, thr number' : 

, . . & ~ & ; & $ d ~ t ~ $ ~ d j g l ~ 8 : ~ v ~ $ ~ T L * : m f i i ~ e & q F t ~ ~ i ~ * ? . ~ ~ f h & , ~ * ~ f ~ ~ ~  . . .  . . - .  

dilWib* l ~ s r  &$ti ihlr r o d i a t i ~ ,  por&teir ate $hen by ,yfkpremllror; bb :' , 

.. .. ., . . , . s%ii,jiI.,ii;5, ~ .. ~-c!!x;pb$p.y+pb~~.~ .. ..~- thd, . .  v a w , r e p ? ~ . : ~ ~ @ i ~ ?  of 
. . - , . . . . - . . .. . . : WII sireby irtilghf i i$ihe,hn. r n u s ~ t i  of ie&di.+ibafieqd.. .ewes.&, . . . . ~ .  . ., . ... *.. . 

. . &M:kh&cN*l@miiq" :,,&it*;). ~ s ~ ~ ~ & f ~ ~ ~ ~ ~ ~ ~ : ~ . ~ ~ 9 ~ ~ r ~ n c ~ ~ l & ~ m ~ ~ ~  
~ . .  . . , . . -  .~ 

,' - - . . .~ , 
04 ~ppl i ib t ion &m&d cxjeeioa mrneri&l &to poi wlucr r.jfractiva : : - . .., , 

, . i: . i+iter -her rh& fhae wed by Gurnpectrr . & > J ; ~ ~ C * W A ~ . '  . .. 2 .  . - . . ~. 
. . 



rarnded valuer, the may or may not grow relqtive to the size of the 

?d fundtion. If the do grow, the recurrence .chams i s  raid to be unstd 

word recurrence scheme {i.e., starting wRh the valve of A,(mx), oru 
i t  w i l l  be clew that further work is needed in understanding the problem of the 4 ,. . . 

. . j . error popagotion caj9 of function . ~ ( m x ) :  P The only por i t i~e slo*ment ' .  
$ , 

formula) i s  unstable. ingeneral the &wnrord ach?m. ir found ,,, can be mde is folloril; The Nnai ruults obtained 
' 1 

sfable (Abrmowitz and Stegun, 1964, ~.'xIII); ~t is necer,ny to know ! DAMIE.Iho"ld. not be accepted withart checking them agoinst 'hose obtained 

I . .  
the init ial value for I ta t t iw  the downword recurrenca scheme; con ,,re of DBMIEif,the porometer np is .b&t 50 or higher. or x ismf of 

. ~ . . 
ratio method first dercri 

.~ Reference may olro be mu* of an inde- 100 or more. . . .  . . 
work i direction by Corbatdmd uretrky (1959), who hwe &..lied 

t h  downword recurrence procedure for generation of sphericql nksel hrnctjonr ,on 

. . - . digital . computers. ~  att taw& and Plorr(l967) seem to be the first to 
.~ , . for fudher $ to qignificont increase i n  computer lime but 

downward recurrence procedure-in ~ i e  rtottering ca~wlot;onr. . , 
. . . . the rtorage n 

., 
very,fiigh. Since thcresurience is storied with 

. . . . 
The Purpole of this report i s  to describe oo.+to prerent trvo FORTRAN rub- . , (1). 

. ioutin* with the hdb of which one con c&luate the ohoracterirticr of the 
. . 

where 
eiectromognetia radiotion rqottered by b sphere, in or or 200 &ffircnt 

(2) 
directions. The submutinis are wlitten ming FORTRAN IV H longuoge and IBM ' , 

. . 

SyrlemflM) computers in mind. 
'i ,,f 12,340 bytes occmdate  ' x  of about 20 if n. = '?2 = w, 1 

In the first subrwrine called DAME, ,011 the functiom ore computed 
cdra fw reculh hive been &rented by Van de Hulrt P.' 293). 

the upward recurrence procedure and rn such the sthog= ,eq,,irement ir vrry ,Howeve;; obtained urinb DBMIE are e)tpccted.io be mwe reliable than 

' . X, 
. . 

mod- ? (15474 bytes far any v0lue of the size parameter). #p~~ir,~~~&~IeeO,~~ ,hose obroined,with D M I E  ""be; a l l  f?rereeoble conditions. 
. . 



II. THEORY 
3 .  Deviation of Plane of Polmriration (X): For sever01 reasons, i t  may 

. I  St+$ Parmetem: 
. . 

A beam of electromagnetic rdiot ion ir vectorial i n  nature or i t  requires 
,. 

more than one (octuqlly tour) porobeterr to fully describe its itdte.. These potometen, 
. . . .  3 

, . .I ascustomarily understood, ore a follws: 

. . I 
1. Specific Intensity (I): It is  the amount of energy flowing normally . 1 '  - . , i ' .  

1 
through unit wka in  a cone of unit solid angle per unit timeand par , 

! 
unit frequenty interval. It irolso referred to or lntenrity,, , 

Rodionce or Brightness. 

2. Degree of Polwization (P): As a Nicol prirm (onolyter) i s  rotated 

oround the oxir of observation, the intensity of h e  source ar seen 

through the prism, undeigcer variations especially i f  the source 

conrirh of some scattered light, or alternately, i f  the beam happens 

to through some polarizing medium bsfore reaching the Nicol 

prirm "'his occurs, the i;tenrity posses through o maximum volue 

(I j ond a minimum value (I . ) twice during o 360° rototion. The mox mtn 

positions of I and I . we at right angler to each other. The 
max mln 

degree of polarization of the obrerved radiation ir given by 

be convenient to refer to the directions of lmax and that of I mtn . with 

respect to two arbitrary directions (soy sand r) which ore mutually 

at right angler to each other. The c-r plane i s  asrumed to be at right 

angler to the direction of dbrervotion. I f  the direqlion,?f polarization, 
., 

i.e., that of I , m&er on angle X ,  soy with that.ofe, then the 
mqx 

. plone ofpolarization i s  roid to deviate by on angle X. 
. . 

4. Ellipticity of Poleri~otion (8 ): The phenhenon of polarization i s  

best vnderrtood by imogininitwo vibrattonr of complex amplitudes 

qpd E . .long the direction of Imox end I . respectively. 
€ma mln mnn 

Then, Imax - I Emox 1 end 1,;" = I Emin 
i f  the constant of 

proportionality i s  orrumed to be unity. I f  there vibrations mdintain 

a conrtont phase difference (6) between thew over millions of vibrations, 

the radiation i s  roid to be elliptically polarized. LThir restriction 

(millions of vibrations) i s  necerrarf because one vibration tokes of the 

-8 
order of 10 seconds ond any available instrument overages over a period 

of the order of a second. 1 Tlls detection of this ellipticity requires the 

use of o wave plate (on optical component which iiltroduser pome orbi- 

tmry difference between the two vibrations) ond olro the Nicol prirm 

This representation of the state of  a bea of electromagnetic rodiotion by the 

customary parameters (I, P, X and 6 )  though complete and easily understood, leads 



. . 
>. 

, 
.. i to unwanted kmpiicationr when bne is, interested, e.g., in obtaining the' [erultr . v  . . 

of interaction of several beoms on the jwpe pqticle. This i s  bec+rd there 
. . 

curtomory parometeir are of different dimemi?ns and are "on-cdditiv.. This . . 

.~ . 
difficulty canbe bybossed by moking we of'ths following alternateset of 

' 

. .  . . . 
'parameters firrl propaad by Stoker (1852): . . 

. . 

In the Stoker ieprerentotion, the intensity is 'treated a3 a one;column' 

motfixof four elements (or.alternately, o vector with four efmenh). All the 

,elements have the same diI?enlionr and me also additive. 

thcvgh symmeiric, i s  less simple then the following somewhat ' 

I . =  - 
. . , .  j . .  . 

. . l e . .  

' 

. . I . .  > 
For the definition of there elements, let us assume two direcroon>, eond r,  at . i '  Ir . .. ' 

. . . . ;  
I = 

right angler to each bther, such that the e-r pio"e i s  perpendicular to the direction . . -. , . .Nu 

I" of the propogotion of the rodiatian under study. Let us further arrume that the 
, . . .  

. . . . 
. .  : , .  complex mplituder of electrical vibrations ore and E respeciiveiy, along . . r ' . . . . . 

, * * where the of the two kofiiter,ore, related as follows: 
the e o n d  r- directibnr. Their complex sonjugater wi l l  bedenoted by E and E . 
Again assuming the constant of proportiomlity to be unity, the four elemenh are , .,. ,. , . , . . 

, .  ;I:. . defined or followr: 
li Q = i  - I ,  

e r 1. . . . 

I 

Q ,  

U 

v 

. (4) , ,  
1 6 ~ ~  Iym&et,.ic motrin ,.,hi& we shall DISO refer to arthe Stoker mitrix: 

* 
, '  . , 

. . .  
. . . . 



. . 
. . 

i The following relationships con be.shownto exi? betk6en.the Stoker and the .i . . I - I  
customary pardmgt&r of thebeam of electrcmognctic radiotion ( e.9 . .  r e .  p =  - . .* 

II + Ie Chandrar?khor, 1950 ; ~ k n  de Hulrt, 1957) :' ." 

A noturol beam of radiation which i s  completely unpolarized has for 

. [(,e-v2+l;.+l,i]'n ' ,  

P = . (6) St+er pnrameterr I/2, 1/2, 0, 0. 

. $ + I r  . . , . . 
2.2 Exprerrionr f , ~  Mie scottoring 

t 
ond 

I 7he exprerrionr . for . the radiotion scattered by -0 sphereof radius ( r ) ,  and of 

I." 2X = (9) ,. f .  - , . ,  with index of refraction (m); hove been aptly derived by 

i ' van de ~ ~ l ~ t  (1957). i l ro  by ~ o r n  bnd Wolf (1964). h e  shall therefore 

I :  In order to relate h to the Stoker paraneten, we hove to define an angle 8 given . . 
. . enumerate the final results only. 

. i . .  . 
I. ~ e t  I. and I rwpe.ctively reprerent the Stoker ~ ~ r a n e t a n  of the radiation 

sin 28= ( 10). ! ' 
- 8 -3 . , .  

/(I, - I>Z .+.lU2 + 1 2 incident on and 9c:ttered by; sphere. h e n .  

then. 
I = r  .li. 

-I 
(13) 

. . 
tan i~ .. . ~ 

ton 6 = - (11)- . L 
sin Z X  . . !  

. . ] . ' 

where F' is  a four-by-four matrix referred to as a "tronrformation rnotrix" by 

., . . . 
I f  there i s  noelliptical polarization, i.e., 6 = 0, the parameter I = 0. 

A beam of mdimtion =an then'ba repr&nted by, three parmeten, , 
I , I ,  d I .  If the diiection of max'im"m rh&ld coincide k i t h  that pf eor. r ,  
e 

i.e., X . =  0' or ma, then I = 0 and 

4 van de HUIS~ (1957, p. 44). It has the following form 



The matrix I' and hence the molrix I are the functions of the following 
E 

-nd 
1 

, where k i s  the wavelength of the incident radiotion; 

; index of refraction of the moteriol of the sphsre.with 
.. respect to its surroundings; , . ~ 

. . 

and H = the angle between the direction of the incident and the . 
, where 

rcattered radiation. 

Then, 
- van da wlrt has noted that only three elements pf ore independent, 

. . 
the interrelationrhip being 

' 1 * 

I A = s 2 3  , 
2 2 (15) . ' 

2 
SZ1 + D Z 1  = M*MI ~. 1 s = B (S2S1 t P 

. - a . 21 

H ~ ~ ~ ~ ~ ~ ,  or sZ1 DZI con be positive a, negative, m useful prrPor. . 4 and I, = L ( s  5 ' - S  S ) . . 
2 21 2 2 1  1 2  

i s  reived by "ring this relationship in actual compumtiom. 
. . 

I,, to eva~,r.t. these elements, one f iat definer the complex amplitudes 

s,(x, m, 9 )  and 5 (x ,  m, 9 )  far the acotteredradiation. 
7 



- - 
. . 

. . 

u' (z) and < (x) are the rerpsctive derivatives of Y"(z) and 5 withr=svct  I' ihme . fumtitillr . n,(p) and T"(w) cipp--'"" in eqr. (16) and ('3 can z , .  
n 

to z ond x respectively. ' be Aprcrred in terms of theLepcndre poiynomialr lows:. 

. ' m  g . . .  (22) (29) 

. . 
and ., . . us'? 

(23) 
' . , (30)~ 

arl~--a . . .  . . 

(24) ' 

+he trrmrformot;on motlix :I!,, other terms of conrideroble imPO'tonce 
. . . . 

' ' . tl,; dimenrionlerr eonrtontr.referied + "efficiency factors" Van do HArt 

: i 
(1957, 6.  14 dnd p. 127). Q , the efficiency fucto; for e'xtinction. which is ihe j e 

iotio of aotol energy ,emoved f r k t h e  incident bean to the seametric 

; 2 . .srou-,ection jm )  ,,f the partisle, be obtained froin the vaiues of o,, and bn 
ng cec"rtence relotionrhipk oml init ial "dues for , . 

. . , . only. . .,.. 'i . . 

. . ,, Antmiswicz, 19M) , ' .. 2 2 (2" + ,) , Re'(o") * Ke.bJ , . , ' (31) 
Qeb,m) = 

. n=l 

(261 

+??AhUL, & @A 7,w CWC'CC 
. . 

The R~ *tandr for the +.I part of ,he quantity in  parentheses. 

[ffib):j,tz), y,Si) I . . . , the efficie,,cy factor for scattering, is given by the following exprpssio": 
I 

r ~ ~ e c t i v o l y .  The f~ 

setting up the 



. . .  . .  . 
. . . . .  .. . . 

. . . ,  . 

If here i s  no.&~ption, i.e.. n i  = ), Q = Q ..' ~ihan*l;e, Qar e . .s Ill. A SECOND LOOK A T  THEMIE EXPRESSIONS . . 
' ,  :j , ,  . . . , . .  . . . .  ~ 

the elfkiancy k t m  for &sorption, ir givenby , . . . .  . ' - Since the evd~uoiion oft he,^^^ omplitujer S1.end 5 can lead ro the , ' , . . . . ' ,  i , : :  
. . a. .= cid - Q$ . ; . '. $33)' . ~omputotionr of b thousand or more terms by resu~rense, i t i r  advisable to give 

. . . . . , . . 

.f 4 
some thought tothe question of thepropq)qtion,of errors in the cme of each of the 

% .  . , 
, . . . ' . 2 . . four functions. , ', . . 9  

, , ' . .  
, dimmridnler; quantity mf cevidqable intqrert ir t i  I.-railed . 

' ~ ' 

. '  ! . ,  . . 

" ~ y - e t ~  k + o ~ ' t c p r & W l t e  bY # , " 

. . .  . . 1 
i 

i 
! 

f - R-e (anb,) . (34) ' . ; . . .. b";,+'ns+i~.+ 
' . , , '  ;I.. ,: ' Q.. =, . . . . 

. . , .  , 
Pu i s  well-known, the voluer o: these hypeibolic funstiom increase 

Ar mied by lrvina (.1963)i m d  a0oin.b~ Kotfaww and PI* (1967) Lbut not by . . 

,, ~xp.nentially y2*' silce the cimplten dedl only with finite numben, the 

Gi&e (1961) 1, a t e r i r k r o p p e a k b  in.eq. (34r have been mni f td  inVan + Mulst; :' . , . .  ~ ,valuationof the in thepresent form canresult , in an overflow if . . 
(1957). . . 8 .  ' 

I - 170 and l0MSystem/3M) comptes are used. 
'f . , 

Q , rhe alficiency f q t w  f,w r~iqtion'prew~.e,.oon than ba obtained 
P ,hir can be by dividing both rium.rator bnd denominatw 

urinu the folio*iw: . . 
: 

the experji,on for an q we11.m that of b by j n, (mx) all the terms 
. , i ' . -  . 

Q = Qe - a . :q (35) 
P , . 1 ( jnl(mx) . ("ffeld (1947) who raemrto be the first to recognize this. 

. . .I 
introduced the ro -co~~ed logarithmic derivative of and ink) 'functions 

. . I . . . '  

given by eqr. ( 2 . ~ ) ~ ~ d  (23), rerpeciively. Some of the irope!tier of these 

logori+hmicderiv.tive functions have beendiscurred by Aden (1951). fie 



i s  denoted as a ( m )  by Aden (1951). Q An (mx) by Deirmendjion and Cloren 

(1962), ond ar D (mx) function by Kottawor ond Plars (1967). Using the notations 

ofDerrmendjian and Clmen (1962). we have, 

The logarithmic derivative of Y (mx) ,' i.e., the function A (mx), h m  the 

fol lowing form: 

The fol lowing in i t i a l  volve far setting up the recurrence con be obtained after 

making use of  eqr. (27) ond (28): 

TABLE 1 

and Plorr (1967). 

Deirmendjion and Cloren Kottowar and Plorr 



j-l ("4 
A (mx) = , 

O J j  = cot (4 . 

? The function W 6;)  appearing in  eqr. (371 ond (38) is the same or 5 6;) 

defined by eq (23). Hence, after making us 5) to (28), we hove i 

W_l!z) = corx -i r i n x  , (42) 

and I 

A t  the firrt right, modified expressions of a k,m) and b b,m)  ar qiven by 

Kottawar and Plasr (1967) oppear to be different from thore given by Deirmendjion 

and Claren 0 9 6 2 ) .  Thir i s  not really the core and one con check their equivalence 

by making ure of Table I. 

3 . 2  An and W : 

i 
The in i t ia l  value for setting up the recurrence procedure for 

of A,,(mx) i s  given by eq. (40). With m = n - in2, i t  con be written in  
I 

I 
either o f  the following farmr: 1 I 

r i n  (2" x) + i sinh (2n2x) 

A (mx) = 
I 

corh ( 2 " ~ )  - cor (2nlxl 

0, 

sin (n X) cos (n,x) i i rinh (a$) c ~ s h  
1 

Ao(mx) = (45) 
sin2 h , x )  t rinh ( n ~ )  

If np = 0 old n ; i s  an integer multiple of n ;  either of there forms w i l l  give 1 

rise to a division by zero and hence, a termination o f  the prqlram, or 

wrong rerolts. Thir i r  not a hypothetical case, ar reverol situations can be 

~ i r u o l i r e d  where 2n r/A con be an integer. Because of  the generation of the I 

roundaff  errors i n  o porticulor way, the expression for A (mx) given by  eq. (45) 

wor found to be more ruitoble for compltotional p l r p t e r .  However. i t  w i l l  be 

neceriory 10 opply due caution i f  2n 1 r/A is very close to on integer, since 

round-off errorr ore generated differently in different complterr. 

I f  n2 # 0, o rtroightfonrord evaluation of Ao(mx) w i l l  ogoin run into trouble 

nf -90 or more. Since for these lorge voluer of n?, sinh (op) - corh (n?) 

(n2.) 
-4, e , we may make u reb f  the following approximation: 

A use of this approximation immediately leads l o  the question o f  propagotion o f  

errors, ar the wccersive values of A (mx) ore somplted by upword recurrence 



FIGURE 1 

Variation of real port o f  A (mx) m a fvnction of n. m = 1.342 - 1.0 i. 

x - 50.0 n. Broken curve represents valuer obtained uring downward recurrence 

procedure. Thin rolid curve represent3 valuer obtained uring upword recurrence 

procedure. 
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i Leq. (39);. As I >  entioned earlier (sec. 11, Kottawor ond Ploss (1967) have already 

pointed out that o numerical instability develop in  thir care. Fat setting up the 

downward recurrence prdcedvre, they have suggested the use of 0.0 i 0.0 i 

a the in i t ia l  volue of A (mn) for rome value o f  N > Imxl . Since the cornpta- 
N 

tionol error dec'emer v e y  rapidly at each step of downward recurrence in  this parti- 

cular cme, the colculationr ore insensitive to thea.irumed starting value and 

converge very rapidly to the correct value. The criterion for selecting 

i 
downward recurrence at o volue of  N given by eq.  (2) ir rather strict. 

! Ihe real part of the function A (mx) for m = 1.342 - 1.0 i and 
! 

n = 50.0 n or obtained after using the upword recurrence (thin ro l id  curve) ond 

downward recurrence (broken curve) procedures, i s  in  Figure 1 as o function 

of n. It can be seen that o numerical in r tob i l i y  develops in  the upword recurrence 

scheme when n = 111. Between 112 and 125, I x g e  orcillotions develop. The 

amplitude of thee orcillotionr decreorer   hen n is obout 130. For n = 136 and 

higher, ortobil ization occvn, bvt the real part of An(mx) ochiever a value which 

is completely different from the correct valve given by the brokencurve. 

The ultimate effect of thir i n r t ~ b i l i r ~  is to increase the valuer o f  the 

1 
I efficiency factor Q I ! eq. (3211. Even t~ r r l l ~ ,  Q becomes greater than Qe 

leading to neg~ t i ve  valuer for Q Leq. (333. An e x o p l e  of thir is provided i n  1 a 

i Table 2 where the ~ o l u ~ r  of Q or obtained uring the upward recurrence proceduo 
i 0 



The values of the efficiency factor for abrorption (Q ) or a function of 

n 2 :  m = 1.342." i, r = l O p ,  h = 0 . 4 ~ .  x = 5 0 . 0 n .  
2 

Column 2: Values obtoined when function An(mx) is  computed using 

upward recvirence procedure (DAMIE). 

Column 3: Valuer obtoined when function A (mx) is complted using 

downword recurrence procedure (DBMIE). 

with DBMIE lo "2 

(subroutine DAMIE), ond os obtained using the downword recurrence 

(subroutine DBMIE) for cornpltotionr of A (mx) , are tabulated for several valuer 

i o f  n2. The arrumed voluer of nl and x are 1.342 and 50.0 n, respectively. 

! Thr valuer of Q o  as obtoined from there subroutine3 agree in  four significant 

5 
figurer for n 2 up to 0.2. For n2 = 0.3, a difference of one unit i s  noticeable 

1 in  the fourth significant ploce. Thereafter, the difference increaser very 

rapidly, ond for n2 2 0.5, the rubroutine DAMN returns negative valuer for Qa. : 

Qo with DAMlE 

A definite guideline for prohibiting the use of DAMIE rubroutine cannot be 

easily ertoblirhed as the amount of obgolute error propogoted depends both upon 

. , 
n2x and x . It depends upon + becoure the number of terms requ:red for the 

convergence of the rerier deperldr upon x .  In the above example, where x = 157.08, 

the results of DAMIE ~ n d  DBMIE show rignificont differences for n7< Z 47.1 . On 

the olhcr hand, for mother case for which m wor arrumed to be 1.70 - 1.84 i , 

the rerul'ts obtoined with DAMlE and DBMIE were found to agree within six 

riginificoot figures for x up to 40.0, i.e., ny = 73.6. 

! 
The computotionr of ihe function W (x) which olwoyr hog a real orgument, 

ore straightforword. lhe problem of the propagation of error i s  not serious i f  a l l  

i 
i the basic arithmetic i s  done in  double precision. 



after moking use of  the iollowing recurrence relationship bmed on the ~ o p e r t i e r  

of tile Legendre polynomials and their derivotiver: 

where 

ond 

V0(U) = 0 , 

ni(l2) = I , 
(49) 

T ( v )  = 0 , 0 

- U  . 

The rtroightforword YIlnYIY , ~ ~ d r r e n c e  poser no serious problem. The 

6 
absolute error increorer by a foctor o f  obout 10 or voluer ~000(11) and 7 3 0 0 0 ~ ~ )  

ore abtained From thore of %(v) , etc. , given by eq. (49). Since this is a lorr 

of six to reve figurer, i t  ir ogoin necerrory to carry out boric ar 

in  double pre 

The valuer of n (1) and 7,(1) obtoined after m&ing u 17). 

and (49), con h- checked ogainrt those obtoined from the foll ..., ;imple 

exprerrionr for the same (Van de hulrt, 1957): 

le of  eqr. (4 

nuinn \..m.. 

For 0 = 90°, i.e., LI = 0, i f  can be shown that 

w (0) = 0 (if n ir even) 

0 i 
2(-1) (n-1)/2 

~" (0)  = 
r($ + 1) 

( i f  n i s  odd) . 

The valuer o f  gomrna runcrrorn ior large valuer of n can be found i n  one of 

the tables in  the rerier of Mothematical Tobler ~ub l i r hed  by the U. 5. National 

Bureay of  Standards (1951). 

If the valuer o f  w ( i ~ )  and 7 (11) far LA > 0 hove been already cornpted, 
n 

i t  i s  not oecertav to compute those o f  n ( - v )  and r (-U) or wm done by 

Gumprecht and Sliepcevich (1951). Instead, one can make use of the following 

relationship: 

n- I - = I w"(P) (52) 

and 

i 

I There relotionrhips can h derived eorily by m d i n g  use of the following  ell-known 

I 
i properties of the Legendre palynomlolr: 



ond 

h 2 0) (55) 

where P1 represents the derivative of P with respect to u. 

However, i t  oppeorr that the o b v e  mentioned propertier have gone unnoticed 

in  thir porticulor field. Van de Hulrt (1957) har not given them explicit ly, even 

tirotlgiv he doer make use of  thir relotionrhip for II = -1 at sever01 places. He has 

no! commented on the tobler of Gumprecht and Sliepceuich (1951) who have 

~ ~ n e c e i r o r i l ~  extended the length of the tobler. The later rerearcherr (e.g., 

Giere, 1961 ; Deirmendjion and Claren, 1962; Giere, et 01,  1962; 

Cunninghom, e l  ol, 1966; and Kattowor and Plorr, 1967) do not refer to thir 

relotionrhip either. The odvantoger of moking use of there relationships should be 

more evident after studying the published dato o f  various outhorr, ond after recog- 

nizing the eose of progmmming for a supplementary ongle (appendices II and Ill). 

IV .  DETAILS ABOUT THE SUBROUTINES 

4.1 Generol - 
Two subroutines, collcd DAME and DBMIE, ore written with the purpose 

of helping the user to obtain porometerr of the radiation scattered by o rphere of 

o given size. The octuol FORTRAN statements (FORTRAN IV language) are 

listed in appendices II and Ill rerpectively. A survey of the literature showed 

tho? the user is l ikely to be interested in  computing the r o d i ~ t i o n  f ield lor rhe volue 

of the sire porometer x (= 2nr/).) - lo3 , ood possibly for about the some 

number of directions of scattering. Such demands, olong with the necessity of 

carrying out a l l  compu~otionr in  dwble  precision, are bound to t m  the storage 

copacitier o f  ony compter. In order to avoid ony use of toper or disks, i t  wm 

decided to use the storage very rparingly. k mentioned i n  earlier sections, the 

moin difference behvten the two subroutines is the monner in  which one of the 

functions ir evaluated. In DAMIE, the function An(mx) is evaluated "ring an 

"pward recurrence scheme, while i n  DBMlE a downword recurrence procedure hor 

been used. 

f ie  CALL statement for either subroutine requires the following parameters 

in  the order listed: 

n: sire parameter of the scattering sphere, x > 0. 

",: real part of the refractive index of the materiol o f  the sphere; 

n > 1.0 becmse the ~ e r e n t  subroutines ore not tested for voluer 
I 

o f "  5 1 . 0 ;  
1 



TABLE 3 

Some ryrnbolr or used in  the text and their equivalehce in DAMlE and DBMlE 
subroutines. 

TEXT 

x 

"1 

"2 
ri 

Qe 

Q$ - 
tor '1 . Qs 

MZ( [J 

MI@) 

sZ1(a ) 

02,(n) 

M2(180 - 8 )  

~ ~ ( 1 8 0 - 8 )  

Szl(18O- 0) 

D2,(180-0) 

rn 

w"-2, Wn-l w" 

An-l An 

0 0 n ' n-1 

b" b"-l 

71n-2, ""-1 "n 

""-2 7n-~ , Tn 

SUBROUTINES 

X 

RFR 

RFI 

THETD(J) 

QEXT 

QSCAT 

CTBRQS 

ELTRMX (1,J.I) 

ELTRMX (2,J.I) 

ELTRMX (3,JJl) 

ELTRMX (4,J,1) 

ELTRMX (1 ,J,2) 

ELTRMX (2,J,2) 

ELTRMX (3,J.Z) 

ELTRMX (4.J.2) 

RF 

WMI , WFN(I) ,  WFN(2) 

I FNA, FNAP i 

FNB, FNBP I 

"2: imoginory part of the refractive index of the moterjal of the sphere, 
n2 Z 0.0 ; 

0 ~~~l~~ beween the directions of the scattered radiations direction 

of the incident for ~ h i c h  computations ore required; howld 

be in degrees and ih value should not exceed 90.0~. 

JX: ~~~~l number of omr . ~ t r  value rhould m t  exceed 100 unless the 

dimension, in related statements ore appropriately changed . It 
-st be greater tho" one. 

be ",,led that the do not check for the conditions for 

., Ond ,, 2' if the ore not satisfied, the rubroutines ore l ikely to 

n,. following ore returned by the rubroutiner: Qe: eq. (3l); 

eq. (32); a . Q,: eq. (34); ond the elements of the tronrfomotion matrix 

F' (eq. 14) for OII V O I U ~ ~  of 8 or well or 180 - R (Table 3). - 
F O ~  the proper functioning of the subroutines, i t  ir necessary to declare the 

following as REAL 8 or ar DOUBLE PRECISION in the moin program: 

X, RFR, RFI, QEXT, QSCAT, CTBRQS, THETD(100), and ELTRMX (4,100.2). 

~f~~~ ,tudying the rvbroutiner in  coniunction with Toble 3, the following 

~ h o ~ l d  be evident: 

1. F~~ a given ", the values of the functions Wn. n,,, on and b,, are 

only i f  they are required at 0 later stage. 

2. ~h~ above rtotement also applies to the function An which i s  complted 

in  DAMIE by upvard recurrence. 



3 .  The real and imaginary ports af a complex quantity ore obtained by 

meonr of EQUIVALENCE. 

4 .  Storage for the elementr of the transformation matrix (which ore the 

quontitier complted at the very end) ir first uti l ized to store the voluer 

o f  the complex amplitudes 5, ond 3- 
2 2 -14 5 .  Al l  the series ore terminated when a I t 1 b ( C 10 . 

4.2 Timing: 

Average time t in  recondr, which the subroutine DAMIE tokes to return the 

vofuel of the four elementr o i  the tianriormotim matrix F' for 182 values of 3 , - 
or well as the voluer of Qe, Qs ond a . 5, i s  given in  Table 4 for several 

voluer of x . The computing facil i ty ured wor on IBM Syrtem/3M) Model 50 

with FORTRAN IV H compiler at OPT = 0. 

From the dato in Table 4, i t  can be seen tho1 the subroutine 

becomer more efficient with the increase of x i n  the range 1.0 to 100.0, since 

o ten-fold increase in  x d o e n o t  result in  a ten-fold increare in  t. It moy be 

noted that the most time ir consumed in  compulationr of a ond b and hence, " '  
the subroutine w i l l  become less and lerr eff icient as the cmputationr are called 

for fewer and fewer valuer of R . 

Because of the use of downwmd recurrence procedure, ihe averoge time t 

for the subroutine DBMlE depends upon the values of n n2, ond x .  However, 

in  sever01 sorer for which the timing tern were run, DBMlE war found to take an 

the overage of 10 to 20% more time than DAMIE. 

Average time ( t  in recondr) which the subroutine DAMIE taker to return 

valuer of four elementr of the tronriormatton motrix for 182 values of 8 , m wt II 

or valuer of Qe, Qs ond a . Q for o sphere having sire porometer x .  

Computing facil i ty ured: IBM Syrtem/3M) Model 50, FORTRAN IV H compiler 

OPT - 0. 

t in  seconds 

100.0 39.5 

1000.0 350. 

The output given in  the oppendice~ IV and V war obtatned using FORTRAN 

IV G compiler, OPT = 0. This compiler seems to be more eff icient for there sub- 

routines or the computationr for x = 1571 take obout 300 recondr only. 



4.3 Storoge Requirements: 

DAMIE : 15,474 bytes 

DBMlE : 127,340 byte$ 

Becoure of the noture of the proL,lem, i t  i s  not posrible to make o positive 

rtotemeot about the reliability of.o given volue. An overall figure of rel iabil i ty 

of  the first six to reven significant figurer seems to be quite reoronable. 

It may he added t h ~ t  there aubroutiner were ured to compute the choiocterirticr 

of the radiation field for several carer for which the piblirhed as well or unpublished 

numerical valuer were ovoilable, (e.g., Gurnptecht and Sfiepcevich, 1953; 

Van de Hulst, 1957; Giere, 1961; Dierrnendjion ond Cloren, 1962; Giese, et ol, 

1762; Irvine, 1963; Cunningham, et 01, 1966; Plarr, 1966; and Kattowot and 

Plarr, 1967). As mentioned eorlier, most of there rerulh were obtoined using 

single precision arithmetic ond x up to 400 only. The results obtained "sing 

tliere subroutines ond thore obtoined by the earlier outhon were found to agree 

witl l in the limits cloimed by the variavr o~thors.  

For o large sphere made of materiel with a rehoctive index o f  1.342 - 0.0 i, 

Q , the efficiency foctor for scotteting, con be calculated fran the following 

"best" formulo suggested by Van de Hulrt (1957, pp. 264, 265). 

For x = 500.0 nfo core for which the rerule ore presented i n  Appendix IV) 

the second term i s  rero, hence Q< con be computed using the remaining three 

terms only. The ~ a l u e  o f  Q so obtained i s  2.0136, "ripple", which compares 

very well with thevalue of 2.0129given in  the Appendix. 

4.5 S~mple Problem: 

The FORTRAN rtatementr for o sample problem ~ i t h  which one colir the 

DAMlE rubroutine are listed in Appendix I. The some listing can be ured for 

colling DBMlE ofter changing the CALL DAMlE ----- to CALL DBMIE ----- in 

the rtatementnumbered DSMIE 036. 

The sample problem pogrom reods i n  the valuer of nl, n2, x, JX (number of n 

voluer for which cornputotionr ore required), AJX (interval b e )  and MMM. A l l  the 

volver except that of iliteger JX ~hou ld  be punched on the cord in  double precision 

formot. I f  the last quo~it i ty (MMM) ir equal to rero, the volue of x remains 

unchanged. If M M M  # 0, x i s  ~hongsd to Znx/(MMM x 10'~). The TIME 

rubroutine colled at rtogerDSMIE035and DSMIE 039 helps to read the clock in 

millirecondr. I f  this subroutine i s  not avoiloble, there two statements, or well,ar 

the statements numbered DSMIE 019, DSMIE 040, and DSMIE 065 can be omitted. 

Berider other related informotion ond the quantities Qe, Qs, Qo ond 

- 
tor 0, the romple program also prints out the voluer of a l l  the four elements of the 

motrix 1 or   ell m the intensity ond the degree of polarization o f  the rodiat~on 

scattered by o illuminated ~ i t h  natuml light. 



V. CONCLUSION 

Tile problem of numerical evoluotion o f  the chorocterirtics of the electro- 

magne!ic radiotion rcottered by o sphere (Mie scattering) has been onolyred in 

greof deloil in previous seclionr. I t  has been shown lhot the question o f  numericol 

i i~r tobi l i ty  (Kattowor ond Plorr, 1967) when computing one o f  the sever01 functions 

by upword recurrence i s  a n  importoot one indeed i f  the sphere ir portly-ob<orbing, 

o l d  is of  modeate sire (size porometer x - 100 or mare). Following this, two 

ru(~rautirier an presented. 

Tile rubsouti ie DBMlE ir expected to give relioble rerultr under a l l  forereeoble 

conditions. Oil the other hond, the rubroutine DAMIE is expected to give reliable 

resultr only when the moderote ond lorge splwrer are mode of non-absorbing 

material. Fol o portly-absorbing sphere, the results obtained using DAMlE can be 

expected to he reliable only i f  the absorption ood the sire porometerr ore of 

moderate magnitude ( y  80, x - 100). The present series of tertr ore 

insufficient to lay dowr ^ ,rare specific criterion for limiting the "re of DAMIE. 

Aport from providing a concise rubroutine which can be used in  reverol cores with 

great eore, the other rroron for providing DAMIE is to permit the user to check 

tile re l i ab i l i h  of same of the vort amount of published and unpublished numerical 

data on rliir subject. 

Rere subroutines are fairly efficient from the of view of the storage 

and timing conriderationr. However, since they are boricclly 

general prrpore wbroutiner, more efficient versions con be obtained ofter appfo- 

priote changer. One may be oble to relax some of the stringent critera i n  some 

limited opplicotionr, ond after checks in  extreme cqrer, one moy be able to carry 

out a l l  the boric arithmetic in  single precision. 

In the end, i t  rhould be added that though there subrwtiner ore checked in 

reverol alternate woyr, they should be st i l l  be freoted or enperimentol ones. 

Due precaution must be exercised before accepting some unusual rerultr i n  new 

cases. 
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FOOTNOTE 
! APPENDIX I 

Very recently, Fuhien and Bryont (1 968) hove reported some rerultr for the rodin- 
t on back-scattered by o large sphere (x - 3000.0). 

~ i ~ t i n g  of Sample Problem 
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APPENDIX I I  

Listing of DAMlE Subroutine 
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APPENDIX Ill 

~ i ~ t i ~ g  of DBMlE Subroutine 



,.,,x, h,",. 
I , , ,  ~ d . " U >  . " A * . >  . 
1 , 1 1  : , , "1  . ,,,I . 
, > L a ,  = .>$.,., b m , . ,  

, . , , ,d , ' ,  ; ..dud . C l b * ~ >  . 1 1 L I  
! i l l  , l r l . i l t l  r . ) , l ~ i l  r11l) bUnUUUIINL  LA^ i l k  FJUIIb I N  I d t  6ULLuk Ihb  
,*,, ' :>"I: ' , . , , . r . ,Ul ,hi ,  P I , "  L U * Y l , l l h "  1 ° C  P I Y I M L I L U b  l)r r n t  
, L , . , < , , 4 n u * , I , , .  *i,i l lI l l i l i  , i A l l L * 1 "  .I I\ X Y l l t X t  . J.V.  UL\*t .  
I I 9 3 i l l h l i * l ~  L I Y I L I .  O a L i i  A l l "  , C I L I F U X h l A .  

VU-1  I U .  3: i - 3237 .. l % U .  



L t N A V  r t i 4 u P  rrH6 1 I<1  P H t C E U l N G  VALUE5 3 1  F N A  L FNU K t S P L L T I V k L Y -  
t u ~ 1 v ~ ~ t . t ~ ~ ~  I~FNIII, IAIIII, I~NA.T~IIII.IFNM,TLIII I 
L U U ~ ~ A L L N L ~ ~ ~ ~ ~ A P . T U I I J I ~ I ~ N M P , ~ ~ I ~ I I  
I F  1  JX . I L .  LOU I u U  TU 2 0  
MU1 T t l b .  71 
Y H l l b  I 6 . b )  
L A L L  t X l l  

2 O  KF = U C H P L X I & k ~ , - H < 1 l  
n n f  = 1 .UIJW/UC 
UX = 1. J U U I X  
h u t  X = 1<Ht * HI: 
T I  11  = I f . * *2 l * ld f  R**Z  t n F I * * Z I  
1 1 1 1  = J \ u d 1 l ~ l l l l  
N M X I  = 1 . 1 3 0 0  * llll 
I t  1  IIMXI . ~ t .  0 9 ~ 1 9  l b U  TO z l  
UUIIL16,?il 
L A L L  L X I  I 

2 1  IYMXL = I l l 1  
16 I l r i l X 1  ."I. 1 5 0  I CU 1 0  2 2  
NMXL = L',u 
NMXL = 1 3 3  

2 2  A L n r l t u r r x l  t 1  I = I u . 0 ~ 0 ,  0 . 0 ~ 0  I 
00 L j  N  = L , Y I ~ X I  
N ~ Y  = t i n x l  - N t I 
A L A P 1  r N l  = ( N m 4 t l l  H U t X  - l . O U O I l l ~ u N + l l * k H f X  t A C A P l N N + I  l I 

L j  C O N I I I ~ U ~  
UU 3 J  J  = I . J X  
I t  I T b i t l u l J l  .LT. 0.CIlJO I T H E T O I J I  = U A B S I I H E I D I J I J  
I t  1  T H t l O l J I  . b T .  J.OUU I bO TO 24 
C S T H I I J I  = 1 .000  
~ I L l l i I l J l  : iJ.OUO 
L O  T J  3 5  

1 4  I f  I T H t I U l J l  .CL. 9O.OUO I b U  1 0  L >  
T I  1 1  ( 3 . 1 4 1 5 9 L b 5 j 5 8 9 7 9 J L  I H k T U l  J J  l / l 8 0 . 0 0 0  
L 5 l t i T I J I  = 0 L U S l T l L l l  
5 1 2 T H T I J I  - I . J U 0  - L > l H T l J ) * * 2  
GO I U  JO 

L'J I t  1  f H t l u l J 1  . C l .  V0 .000 I UU I d  La 
L S T H T I J I  = 0.0UU 
S I L I H I I J J  2 1 . 5 0 0  
GU IU 3 0  

2 8  d R l T t I b r > J  I H t T U I J J  
r l R I T E l b l b l  
C A L L  t X l l  

3 0  CON1 I ;UUc 
00 3 Z  J  = I ,JX 
P I I l e J l  = 3 . 0 0 0  
P l l 2 , J )  = 1 . 0 0 0  

T A U ( L . J I  = 3.UUO 
I A U l 2 . J )  = L > l H I l J l  

35  C O N l l N U t  
T i l l  = U C U h l X l  
T i L I  = U S I l r l x I  
n n l  = ULMPLXI IILI,-IIZ)I 
) I t N I l I  = ~ L . l P L X l T l L l r T l l l 1  
kdf N I Z  I = HX d t i 4 l l l  - UP(1 
TCL = A C A P I I l  * R u t  . R X  
I C L  = A C A P I L I  KC t RX 
t N A  = I I L I * T A I 3 1  - I A I l I I / I T L I * m k N I L I  - h f N I I l I  
FNtJ = I T L Z * I A ( 3 I  - T A ~ l l l I I T C L  3 F N I Z l  - Y k N l l I l  
k k A P  = FNA 
FNUP = FNI) 
T I 1 1  = L.>0UU 

L  b K U N  H L H t  Ti1 T n t  h T A l t M t N T  k U M d t u  90, E L I U M X I I . J . K l  H A 5  I H t  
C  i -ULLUYINb l I t A 1 4 l I Y b :  
L  c L T K H X I L t J . h l :  H t A L  PART J F  T H t  F I N S T  LUMPLkX Af lPL l lUUt .  
L ~ L T N H X I L . J , K I :  I M A ~ I N A R I  PARI dt rnt t l n s r  CUUPLEX A M Y L L T U O ~ .  
L  ~ L T H M X I > , J , A I :  U t A L  P A H I  OF T H t  S t C U N U  CUMPLkX AHPLITUUE.  
L ~LTMXI-,J,KI:  I M A ~ I N A H Y  P A R T  OF r n E  S ~ L U ~ V U  C u n P L t x  A M P L l T U U k .  
C  K = L  : t U u  I H t T U I J l  AND K  - 2 : FOR 1 8 0 . 0  - T H t I D l J l  
L  U t F i l Y l r l J l v  flt THL L U M P L t X  A M P L I T J U E :  VAN U k  H L l L S l r P . 1 L 5 .  

I U I L I  = 1 1 1 )  * T U l l I  
T U I L I  = T l l l  * l o 1 2 l  
TLII I  = rill * T C l l l  
r c l z l  z llll lCl,!J 
UO 0 0  J = LIJX 
EL~RMXII,J,II = l o 1 1 1  P I I 2 , J I  r I C l l l  T A U I L , J l  
E L T H M X I L , J I I I  = T d l L l  P l l 2 . J l  +  1 C I Z l  * 1 A U I L . J )  
~LIRMAI~.J,II = r c l l )  * PIIZIJ) + ru t11 IAUILIJI 
~ L T H N X I C . J , L I  = T C 1 2 1  P I I L . J I  t T t J I 2 1  * T A U l Z v J l  
E L l H M X I I , J ~ 2 l  = T d l l )  P i i 2 9 J )  - I L I L I  * T A U I Z I J )  
~ L T H M & I Z . J , L I  = T U I Z I  P L I Z . J I  - T C I L I  * f A U I L . J I  
t L T n M l ( 3 , ~ , L l  = T C I I I  P I l 2 , J l  - T b l l l  T A U l 2 . J I  
E L l H M X l 4 , J , Z I  = l C 1 2 1  P I I Z I J I  - 1 8 1 2 1  * T A U l 2 . J I  

6 0  C O N I l N U t  
O t h l  = L.UUU I r u l l l  . T C I I I I  
O S C A l  = I T u l l l * * L  t I B i Z I * * 2  r T C l l l * * 2  + T C l Z I + * 2 1 1 0 . ? 5 0 0  



L U  I U  t lJ 
75 ~ L I ~ ~ X I I , J , L ~ = ~ L ~ H M X I L L J ~ L I ~ ~ I L ~ * I - T B I L ~ * P ~ ~ ~ , J ~ ~ ~ C ~ ~ ~ * ~ A U ~ ~ ~ J ~ ~  

t L I X f l ~ l L , J , L l = t L T ~ M X I 2 ~ J J L l t T l I I * I - l b l L l * P I l 3 ~ J l + T C l 2 l * I A U l 3 ~ J l l  
L L I N H X I  j , J 1 L l = t L I H M X 1 3 ~ J t L l t l l l  I * ~ - I L l L ~ * P 1 1 3 ~ J l + 1 b I I l * ~ A U l 3 ~ J 1 l  
t L l d U X 1 4 . J , L ] = k L T ~ M X l 4 4 J J L l t l ( l l * I - T C l L l * P ~ ~ 3 r J l t ~ 8 ~ Z ~ * ~ A U ~ 3 ~ J l ~  

H U  LUNTIsYUt  
1 6 1  1 1 4 )  . L l .  L . 0 ~ 1 - I 4  I b O  1 J  1 3 U  
N . N t L  
UU 90 J = I s J 1  
P I I 1 , J I  ' P I l 2 . J I  
P I I L , J I  = P l l 3 , J I  
T A U I l . J I  1 A U l Z . J )  
T A U I 2 , J I  = T A U l 3 . J )  

90 L U N I I  l4UL 
+NAP = t N A  
FNBP = F h U  
I t  ( N  . L t .  PdMXZ I L U  TU b 5  
U R l T t l b . 8  1  
L A L L  t X l T  

LOU U b  I 2 3  J = I ,  JX 
UU 1 2 0  h = 1 . 1  
uu L I Z  I = 1 1 4  
1 1 1 )  = ~ L I ~ ~ X ( I , J I K I  

- - -  
i T u * J >  ; L . 3 u l  * L T U n U >  I l l )  

L I H L  O L I A I L h  ~ r ) l l U T  11115 S U b K U U l I N k  L A N  of. t U U N U  I N  T H t  ~ u L L u ~ I N c  

L  H t V J N I :  ' 5 z J d H ~ I u l l N t S  t u n  C U t 4 P J I I N G  T H t  PAKAMLTEKL dF 1 H t  
L  t L t L T I 1 1 4 ~ b N t l I C  K & U I A T I O N  5 L A l l t d t O  J7 A  S Y H t k t  ' J . V .  u A V ~ ~  

L  I b 84 5 ~ 1 ~ N T l r l L  L t ~ Y I E H ,  P A L U  A L l U  , C A L I F W N I A .  
L  H L P J n l  4 0 .  l L d  - 3 2 3 7  .. MAY k V b 8  .. 

K t  TU&84 
L N U  



A P P E N D I X  IV 

Sample Output Using DAMlE Subroutine 

rn 1.342-O.Oi ,  r - 1 0 0 . 0 u ,  h ~ 0 . 4 1 ~  

U.154214U 13  
O.l63J'41J 0 9  
4.455d1Ud J d  
0 . 0 ~ Y l d Z O  0 1  
0 . 1 Y 7 ~ L l ~  0 1  
O . j l I J 1 5 3  U r  
l i . I l ' i 41~3d  I18 
3.1J404YO J d  
b.+Lb+DYU d l  
1J. 114 1, ~ 8 0  0 I 
d.11.4~1 1 1  3,s 
O.b>5uli,U u ' 
b. > Y 3 2 ~ 4 l J  0 I 
0 .  I 5 L d l  11) 0 7  
b.97U i u v u  o r  
U.bI>'.lJU J r  
U .>52Jb IU  0 7  
0.031 39oJ 0 7  
0. I > +  d4 Ill J I 
0.34LL54J 0 7  
u . ~ 1 4 8 9 3 J  07  
0.39432dU 0 1  
0.44HJY9J 07  
O.LV7210U J 7  
U.LtJ3VI60 0 7  
U , jL I619U b7 
0.5014521) 0 7  
0.2Y2477D 07  
0.27753>0 0 7  
0.>503YOU 07  
3 .  1>934bO 0 1  
O.Zd3Vb50 0 1  
0.3L81550 0 7  
O.Vb4BbJil  0 6  
0 .L3V i3 l~ lU  07  
0.2694b90 07  
0.815JlOU Ob 
0.476030U 06 
0.1L7776J 07  
0 . 1 Y Z l L ~ 0  0 7  
0.L00U4BO 0 7  
O . l u 8 l  d 0  0 7  
O.l>t('>) 13  0 7  
O.L)LSr00 07  
0.1J51L'rU 07  
O .104 j t  70 0 7  
0.1930730 0 6  
O.b j5V155 0 6  
0.8746330 Ub 



L. 1buJ ru l )  0 1  
O.OjLJLC0 Ub 
0.6LIhb0O I16 
U.d*47)uJ Ub 
0 . d l ) 4 3 l O  Go 
U.o>VLoC0 0 6  
U . l u l 4 9 1 0  06  
0 . 6 ~ V l 4 4 1 l  06  
0.64418JU 0 6  
U.55oUd3J u b  
b.441415d 00 
O.*3UJdcu u b  
0.CY4J>LU 36  
d .278cb9J  06  
U . 2 4 d f 7 d J  06  
U.CLb222D Ub 
l,.24>2>20 06 
0.2371 l ~ d  Ob 
0.?205230 U6 
0 . < 4 l u f 8 d  06  
d.doOucL0 ut, 
U.143ZV2J 0 6  
U.tJb73U70 0 5  
0.3bdjVCO U5 
0 .104 j>$J  05  
0 .3Y0J Ibu  05  
0. ? l b Z f l J  u 5  
O.d11'+651) 05  
C.3b9674u 05  
0.1001240 05 
0.>&31980 0 5  
0.5481570 0 5  
0.L3052bO 0 5  
U-272'1920 05  
U.b j21U70 U5 
U.CLOCBd0 05  
0.3454753 05 
0.515J5MU 05 
U.241573U 05  
0.4578290 0 5  
0 . 2 4 l b l I 0  05  
0.4319880 05  
0.422Y720 05  
0.2182750 05 
0.2361320 05  
0.3073330 05  
0. 338OUOU 05  
0.36462bU 05  
0.3071400 05  
0.2365750 0 5  
0 - 1 6 4 4 1 9 0  0 5  
0.2842480 0 5  
0.3941720 0 5  
0 - 1 9 2 8 7 9 0  0 5  
0.3112500 0 5  
0.3095430 0 5  
0 - 3 6 8 3 7 0 0  0 5  
0.178Ldb0 0 5  
0.4565070 0 5  
" '063550  0 5  

533920 0 5  



APPENDIX V 

Sample Output Using DBMIE Subroutine 

m = 1.342 - 0.1 i, r = 100.0 11, h = 0.4 



1 .  ' 
< .  ! l J  , 
$.  , I .  

,, .,,,, ; 
' 8 .  I ,  
,,. . , I  I , ,  
I .  <., , 

' , I .  11,) 
' I . ,  1 1  

I , . ,  ,. 
11.  1 ,;,, 
I " .  > , I  8 . ,  

I I.. i I ,  

14.  11: 1.1 
lL,.$,\, , I 
L,,.,JJ i t .  

/. JU lil 
I,!. , I , > , ,  
1 'i.tJ,!,l'l 
20.1 , I ' l J  

1 . , , , I  J J  
/,'.,JuJO 
0 . 0 J ~ l  
24 . JuJ1 )  
'",."~lIlO 
1f,."JI,J 
2  I.UO,JO 
LtI.CU,JU 
C19 . 0 OIJtJ 
30.u0rIr l  
3 1  . l iUd0 
J / . dUuJ  
33.dJJJ 
34.JUUlI 
J2.3U,JJ 
36.~10UU 
3l.UOU8) 
3H.uuU1) 
3Y.Ui.UU 
4J. J ~ u d  
4 I. OU'JU 
4L .  JUI I I I  
43.l23JU 
44.0030 
45.UOOU 
4b.UUJ0 
47,OOJO 
6d.I)OJO 

I.I',-.~L/,J 1 1  
,.I <I lt,s+,J U ' l  
J.l'~llil~J U d  
,.l/'Jl 3 J f l  $17 

,I . 1 '1'1 1 1  /IJ iJ / 
,I.. dl,.,t,lll L I  
! . 1 ~ ~ ~ 1 1 1 , 1  , I /  

'1.5 j 3 t l 3  >I1 b<, 

,I. 3 511a, i',,! ,J6 

,J.>*>ldL>,,, Jt, 

l.,.:Ll'.l,, " t '  
~1.3"1"tJ>,I :Jb 
'I. 3  L.I',',JIl u a  
I. 5 l l l J  IC>,J L 0  

.LarO4 1 1.) u o  
O.LLtjI'9,%,J 0 0  
.d.,'l l d  /< Id  u u  
u . i v v r I i u  u b  
0. 1  /Yc>4d1, 1 ' 6  
, I . l < ' / 2 > t ~ J  LJ" 
J. 152tJOd~J 0 6  
J.I'+r'>l JIJ Ub 
i l . 131 '4J IU  l rb  
0.122 7591) 0 0  
J . L L 3 l L d J  LO 
d.l(i'tO'Iul1 U6 
J .V I lU2 '> l I  U?, 
J .8 '9b1011~ UL, 
J .81YL5LI I  0 %  
J.7067JCi l  0 2  
LJ.7U/4oJLJ 0 )  
3 .6  534UY11 UL, 
LJ.bOr'4LYLJ U5 
J .5551  711) 0 2  
U . ~ I I I ~ Y U  u?, 
U . s l 03bdU 135 
J.451974IJ  0 5  
0 .3YbJoZU O?, 
3 .  3b$354U 0 2  
d . j > r ! 5 IbU  U5 
0 .3040330  3 2  
.J.L17C8UO 0 5  
~ . 2 5 2 8 6 4 1 I  0 5  
0 . 2 3 0 0 1 1 ~  0 5  
J .LOb6410  0 2  
0.1d92+1U 05  
0 . 1 7 1 1 ~ 9 ~  ~5 
0 . 1 5 4 3 5 4 0  05  
0.138RdRU 0 5  

C#. 154*:1U 13 
U. IVL4U8U 0V 
0. LsddO80 Ud 
U . 1 4 i 5 6 d U  L I  
O . Z I C L ~ V O  a r  
U . L I l J Z 4 U  0 1  
0 . 1 1 1 L d l U  0 1  
U . 6 1 3 1 3 l U  Go 
O .O'pYI  YbU LIo 
L.0,LLObU dl, 
U. 49 1  l b 4 U  0 4  
0 . 3 q 2 1 8 ~ 0  Gb 
U . 3 H b Z l b ~  Ur, 
L .30105 JU 0 6  
J . 3 I I 3 L Y U  uo 
O.LY3LbC0 06 
d .LUL85)U 0b 
U.LbC0720 $0 
U.L4158LU J b  
0 .2480610  06 
U.L lbJVYU 0 6  
O.IULU7LU Uo 
0 .  1VObUbU Ub 
0 .18042LU Ob 
U. lbYo1OU Ub 
U .L&U lb>U  Jb 

U .1214230  00 
U. L 4 2 ? 0 1 0  0 b  
U.134780U 06 
U. L L l L 4 5 0  Ob 
0.12OUOll1 0 0  
o . L l 3 L 8 ~ ~  3b 
b . l O b d l b U  0 6  
U.1007L8U Uo 
O.YCV5ObU 05  
O.b'i4224U 0, 
U.HCL55b0 05 
U. /V3ULbU U5 
O. ICb154U 05 
0.7015L9U 05  
0 .6592290  05 
0 .61MY920 05 
O.5bU8lLU U5 
0.544510U 0 5  
0 . 5 1 0 0 4 J u  0 5  
U.4772710  05 
0 .4461500  05 
0 - 4 1 6 5 1 3 0  0 5  
0 -3BU4bLU 0 5  

-67- 

J.DUI)YL I d  u s  
J .6U5504U O+ 
J . . ) L M ~ J O J  0 4  
J . 4 5 V l 3 > 0  u*  >. 3VbL 3 9u 0'. 
J. 33YbL UIJ 0 4  
J.LaoY 7 i U  d 4  
J .L43bLJ i l  0 2  
J .LOJ4ubU 0 s  
J . l bML>5U 0 4  
J . l 373O*J  3 4  
1.1 lJ,,,"d u* 

J .U I I l 71  111 113 
J.oH749ltJ JJ  
J.23bLi.,lJ ti J 
u.43459081 i J 
I. J 0 8 4 1  111 0 3  
).L j Y o d  ~ l l  0 3  
1.19642oU U3 
".I I o d t ~ l U  u 3 
u.1 lV2,lolJ U 3  
) . L b L L I  I U  UJ  
3.2CJB 'U 0 3  
J .303UL '0  U3 
3 .37841  ,LJ OJ 
O . C b 8 7 l i U  6 3  
0 .5 /27<  111 U3 
J.baV4t 3J 0 3  
U .81771~30  U j  
J . Y 5 b I l 6 U  U 3  
13.1 l i l 5 ' ~ L J  0 4  
O . I 2 b J I 3 J  0 4  
0.L4LdU411 0 4  
J . I ~ O L ~ ~ U  O r  
U.17tJL5oU UC 
U.lVb7LI)O 3 4  
O . Z L S M L U U  0 4  
0 .2353Y30 0 4  
J.L553MU0 0 4  
u .2757530  0 4  
5.LV64JYO 0 4  
0.3174ULO 0 4  
0 .3385980  0 4  
0 .3599890  0 s  
0 . 3 B L 5 j l U  0 4  
0.403LUbO 0 4  
U.4249650 0 4  
0 .4467830 0 4  
0 .4686320  0 4  
0 .4904140  0 4  
0 .5LL3150  0 4  

U . l uoJL> l J  u b  
U . 1 ~ 4 ~ u d o  0 6  
O . L d I / z d J  JO 

L.9IJ0CS> I81 a2 
u . + > o o 7 t U  0 5  
r . 9 L l  17JU 0 5  
L. JuO3351) LI> 
d . d I 3 7 Z d d  ~5 
L.dCtIIU7U 35  
U.dLJ4J>0 '15 
u . / v ~ b ~ ~ ~  J 5  
J. 1 7 0 7 1 ~ ~ 1  JZ 
u. 15% ILULI J.) 

,).7>3*"9lI  J 2  
L. III I Y I J  32 
2 . u r J L 5 s J  U ,  

J .o I *LL  I 0  U2 
0.0 ,,3OdU J3 
0.- jHLd>cJ 0, 
J . ~ ~ c I 1 3 1 J  113 J." 41Ub0 0 5  
O. ,a*J.t>J )'> 

b .> l 353+ ,J  0 2  
L. > ~d I 0 5  
~. ' ,44 '3Lb l  U5 
u. , ~ 3 1 7 0 1 J  JL, 
U.,17>3>U u 5  
U., , * o r 1 0  UZ 
U . + ~ L ~ L O J  J J  
D . 4 3 ~ 3 7 C i J  0Z 
3 . * snd3d3  1 5  
( I . * ' , I O ~ J ~ J  J 5  
0.426 >JJJ J S  
U.C36>3U0 05  
O . * ~ o s d l O  UL) 
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